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~ _ -  0 - PRINCIPAL SYMBOLS USED 

: log i tud ina l  coordinate 

: normal coordinate a t  the wall  

: longi tudina l  component of v e l o c i t y  

: f r i c t i o n  speed (tp,,/pp)* 
' U  : =- 

U, t 

: transformed ve loc i ty  v+= .. 
V -vu= 

: def i c i en t  ve loc i ty  e 
uz 

: normal component of veloc i ty  
- 

l r r  

: p a r i e t a l  i n j ec t ion  speed ,; vp*=--e 
U t  

: pressure 

: densi ty  

: temperature 

: enthalpy 

: stagnat ion enthalpy h Ad 
: 

- _  2 
turbulent  s tagnat ion enthalpy h + p  .d 

- &. i? , 
- 

: transformed enthalpy ' H 1  =- 1 

1 PH k .  z- 
0 1  

: f r i c t i o n  enthalpy 

A -1 : v i scos i ty  d =- 
P 

: heat  conductivity 

: turbulent  v i scos i ty , '  , ,  
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Subscripts 
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: conditions at the wall 
: laminar measurements 
: turbulent measurements 

conditions at the edge of the boundary layer. 
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APPLICATION OF A MIXING LENGTH SCHEME TO THE STUDY 
OF EQUILIBRIUM TURBULENT BOUNDARY LAYERS 

Roger Michel, Claude Quemard, and Roland Durant 

ABSTRACT. A turbulence scheme, based on an improved 
concept of mixing length,  is  applied t o  equilibrium tur- 
bulent boundary layers .  

Assuming an incompressible flow, the veloci ty  pro- 
f i l e s  of a boundary layer  subjected t o  both pressure 
gradient and f l u i d  t ransfer  a t  the w a l l  are determined, 
as w e l l  as the 'influence of these two parameters on the 
w a l l  f r i c t i o n .  

The l a w s  are established fo r  the ve loc i ty  and enthalpy 
prof i les .  
considerable influence on the value of the Reynolds 
analogy fac tor .  

This treatment is extended to  the  compressible case. 

It is  shown t h a t  pressure gradients have a 

I e INTRODUCTION 
- .  

The va r i e ty  of boundary conditions concerned and the complexity of the 

r e s u l t s  r e l a t i v e  to  turbulent boundary l aye r s  i n  r,ecent supersonic and hyper- 

sonic problems have shown tha t  it is  becoming increasingly d e l i c a t e  and pro- 

blematical t o  r e s o r t  t o  the  approximate techniques u t i l i z e d  so far,which 

involve the empirical extension of incompressible r e su l t s .  

/5k 

It is  thus deemed necessary t o  a v a i l  ourselves of more thorough analyti-  

cal methods and take i n t o  consideration as much as possible the propert ies  

linked to  turbulence s t ructure .  

on the classical concept of mixing length and involving e s sen t i a l ly  an improve- 

ment over customary hypotheses. 

For t h i s  purpose, a scheme was  drawn up based 

, 

/ ' .  * 
Numbers i n  the  margin ind ica te  pagination i n  the  o r ig ina l  foreign text. 
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I 

It f irst  proved t rue  tha t  a r e a l l y  convincing check on the hypotheses i n  

t h i s  scheme could only come with a comparison of the  r e s u l t s  to  which i t  leads,  

with a su f f i c i en t  number of coherent experiments,and tha t  t h i s  check should be 

f i r s t  carr ied out i n  an incompressible f lu id .  

i t s e l f  a t  t he  conference on calculat ing turbulent boundary layers  held a t  

Stanford University i n  1968, where we w e r e  allowed t o  present and compare with 

experimental da ta  a method of calculat ion based on the  appl icat ion of t he  scheme 

to  incompressible equilibrium boundary layers  [l]. 

The special  opportunity presented 

It later appeared possible t o  extend the treatment t o  the  case of a f l u i d  

t ransfer  a t  the  w a l l .  Attention w a s  turned t o  the case of a compressible f l u i d  

where it w a s  possible to  make a p a r a l l e l  appl icat ion to  thermal boundary layers.  

Thus, w e  have a set of r e s u l t s  by which we  can analyze i n  a systematic 

manner the e f f e c t s  of the  pr inc ipa l  f ac to r s  which may act on the  development 

of a turbulent boundary layer  and on the  f r i c t i o n  and heat transfer caused by 

it. 

., .- ... . ~.. . 
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11, HYPOTHESES AND RESEARCH PRINCIPLES 

11.1. Proposed scheme f o r  mixing length 

I 11.1.1. Modifications Required i n  Customary Hypotheses 

I *  
In  order t o  obtain an expression fo r  turbulent f r i c t i o n  as a bas is  which 

w i l l  allow us t o  study the  problems involving the conditions a t  the various 

boundaries, the  scheme t o  be proposed is based on the classical concept of 

, mixing length,  We have sought only to  modify ce r t a in  hypotheses so as t o  take /6 , 
i n t o  account t he  propert ies  brought t o  l i g h t  which are qui te  obvious from ex- 
perimental data.  

The criticisms which should be made of the customary hypotheses w i l l  f i r s t  
1 %  

be summarized i n  three points:  I 

- - I _ .  

. - .. .~ - - I 
- The classical appl icat ion of the concept is from the  outse t  l imited ' 

to the pa r t  of the flow f o r  which f r i c t i o n  is made up e s sen t i a l ly  of the  tur- I 

bulent term. 
I 

- Since the  concept of mixing length is  o r ig ina l ly  applied t o  longitu- , 

d ina l  f luc tua t ion  tl' of veloci ty ,  i t  should always be more or  less e x p l i c i t l y  

supposed t h a t  vertical f luc tua t ion  v q  is proportional t o  it or t h a t  the tur- 

bulent f r i c t i o n  is  proportional t o  turbulence in tens i ty ,  t o  end up w i t h  the  i 

i usual expression 

-- 
(I1 e 1) 

- '  Experience shows tha t  t h i s  proport ional i ty  ex i s t s  i n  the  greater  p a r t  of the  

boundary layer ;  i t  a l s o  showsp however, that it no longer holds i n  the vicin- 
i t y  of the  w a l l  and t h a t  the  r a t i o  of turbulent f r i c t i o n  t o  turbulence inten- 

s i t y  tends towards zero with dis tance to  the  w a l l .  
- ____ - _-- __  - 

r 



- Except i n  recent  treatments, he hypo :hesis regarding 

of mixing length has hardly been worked out,,or a t  any ra te ,has  

he evolution 

hardly been 

used except i n  the v i c i n i t y  of the w a l l .  I f  i t  is generally accepted tha t  

mixing length is proportional t o  y a t  s l i g h t  dis tances  from the w a l l ,  it is 

a l so  s u f f i c i e n t l y  c l ea r  t h a t  i t  should subsequently vary i n  a manner which 

d i f f e r s  from it considerably. 

I n  view of these c r i t i c i sms ,  w e  propose t o  make the  following modifica- 

t i ons  i n  the hypotheses: 

Fr ic t ion  w i l l  involve 'generally not only the  turbulence t e r m ,  but a l s o  

the  v iscos i ty  term; the turbulence term should be expressed so t h a t  it r e f l e c t s  

the  f a c t  t ha t  i ts r a t i o  t o  the  turbulence in t ens i ty  tends toward zero a t  the  ' 

w a l l .  Thus, t h e  following formula is used f o r  t o t a l  f r i c t i o n :  
- _  . 

- 7 
~. - __ - - ..__ __ . __ __ 

- 
- r:- 

- . - __ __ - - - -- -- ~ ~~ - . -  

(11.2) ~ r l  I 
I 

~ 

2 where F I 

venes e s s e n t i a l l y  i n  the viscous sub-layer and becomes one,so t h a t  t he  expres- j 

s ion  f o r  turbulent  f r i c t i o n  regains the c l a s s i c a l  form of the mixing length 

concept when the  turbulence term has become more important than the  v i scos i ty  

term. 

is a cor rec t ive  function which should be zero a t  the w a l l ;  i t  in te r -  

It is  s t i l l  granted tha t  mixing.length is  of the  form Z = ky near the 

w a l l ,  with a universal  coe f f i c i en t  k on the  order of 0.4; howevero the  mixing 

length w i l l  diverge from t h i s  re la t ionship  as the  d is tance  increases;  the 

slipstream serves  as an example suggesting t h a t  we look f o r  an  evolution 

which makes 2 tend toward a conetant value c h a r a c t e r i s t i c  of t he  dimension of 

eddies i n  the  outer  p a r t  of the  boundary layer .  

I *  

The work d e a l t  with the  two e s s e n t i a l  points:  , 
__- - - - - __ 

I / I  , I  
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-determination of a reasonable hypothesis f o r  the  va r i a t ion  i n  mixing 17 
length i n  the e n t i r e  boundary layer ;  

2 - determination of the correct ing function F which represents  the  effects 

of proximity of the w a l l  on the r a t i o  of v' t o  u', and consequently, on the 

expression f o r  turbulent  f r i c t i o n .  

I n  f a c t ,  there  were no*other  methods than empirical  ones fo r  finding 

these two elements,and they were i n i t i a l l y  obtained through experimental da ta ,  

It should be noted, however, t ha t  we sought t o  reduce t o  a minimum t h i s  repork - 

t o  empiricism; only as a r e s u l t  of f indings on a f l a t  sheet  (or cy l indr ica l  

dr ive)  turbulent  boundary layer  i n  an incompressible f l u i d  were the hypotheses_ 

establ ished on mixing length and- the- v i scous  sub-layer correct ing function. 

Applications t o  such other  cases as pressure gradient,  f l u i d  t r ans fe r  a t  the  
w a l l ,  f l u i d  compressibil i ty later confirmed t h a t  t he  hypotheses were ac tua l ly  

of s u f f i c i e n t l y  wide scope. 

11.1.2. Universal mixing length curve 

The fundamental hypothesis is  t h a t  mixing length is a universal  funct ion 

! 1 of dis tance t o  the w a l l ,  when and y are r e l a t ed  t o  the  physical thickness 

6 of the  boundary layer  and the  universal  function w a s  obtained from experi- I 

mental r e s u l t s  on turbulent  f l a t s h e e t s  i n  a compressible f lu id .  

- ._- 

One can thus support the  hypothesis with a very simple argument based 
on the exis tence of a de f i c i en t  ve loc i ty  l a w  according t o  which 'd is a . 

! function of -$ independent of the abscissa ,  With the exception of t h e  vis- 

1 classical concept of mixing length can be wr i t t en  i n  the  form 

1- - u u  
Ut 

cous sub-layer, f r i c t i o n  is made up primarily of the turbulence term, 

-1.- - - - - - ._ __ -- 

, I ,  t , , , I  
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The assumption of a universal  function 1 rests on the  admission t h a t  b 
d i s t r ibu t ion  L(*) is  i t s e l f  independent of the abscissa  i n  the case of a 5 
f l a t  p la te ;  t h i s  i s  a very probable assumption i n  view of the conditions with 

simple l i m i t s  which a f f e c t  7/rp, and i n  view of experimental data. 

A simultaneous examination of the experimental d i s t r ibu t ion  of f r i c t i o n  

and ve loc i ty  i n  a f l a t  p l a t e  boundary layer  allowed us  t o  determine the  given 

mixing length curve (Figure l), which can be shown by the  formula 

(11.3) 

The slope a t  the o r ig in  is  k, which i n  accordance with most recent  hypo- 

theses  w a s  taken as: 

k447 (I1 4) 

Mixing length later diverges from t h i s  slope and tends toward a value of 
0.085 i n  the outer  pa r t  of the  boundary layer .  

11.1.3 Viscous sub-layer correcting function 

~. 

2 Since the  function F f o r  the viscous sub-layer is t o  be used t o  def ine 

/ t u rbu len t  f r i c t i o n  between the w a l l ,  where i t s  value is zero, and t h e  turbulenr 

,zone, where its expression should approach the classical formula f o r  mixing 

length,  it w a s  obtained by using the  r e s u l t s  of jo in ing  the l i nea r  ve loc i ty  

l a w  i n  the  laminar f i lm and the turbulent logarithmic l a w  f o r  t he  w a l l  (see 

Figure 2). 
to represent the  experimental r e s u l t s  of t he  case of 'cyl indrical  L- -. - _ _ _  channel; it . 

gives the ve loc i ty  gradient by the formula: 

I 

A formula which is of ten  used 2s t h a t  proposed by van Driest [3] 

6 



, 

Figure 1. Universal curve for mixing length. 

- --v- 

Figure 2. Functional diagram, 
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(11.5) 

f This l a w  j o i n s  a l i n e a r  l a w  with a logarithmic one when y goes from 0 t o  a 

higher value; t h e  usual var iab les  of the w a l l  l a w  are used: 

where u ~ is  the  f r i c t i o n  speed. 

Since we are dealing with the v i c i n i t y  of the  w a l l , - w e  can use the " w a l l  I /9 
approximation" i n  the classical manner, according t o  which the i n e r t i a l  forces 

are negl ig ib le  compared t o  viscous and turbulent  .stress, so f r i c t i o n  remains 

e s sen t i a l ly  equal t o  i t s  value a t  the  w a l l .  

length is proportional t o  the dis tance t o  the w a l l .  

W e  may a l s o  concede t h a t  mixing 

The Equation (11.2) pro- 

posed f o r  t o t a l  f r i c t i o n  thus gives: 
- 

I 
(I1 e 6) 

The so lu t ion  of the  system of Equations (11.5) and (11.6) immediately 

gives the  desired elements. Laminar and turbulent  f r i c t i o n ,  as w e l l  as t h e  

' 1 correct ive funct ion f o r  the  viscous sub-layer are thus given by the  equations: 
_. . __ 

( I 1  7a) 

7 



functions of y+ i n  the  case of a cy l ind r i ca l  channel o r  a f l a t  p l a t e  under 

consideration. 

It w i l l  a l s o  be necessary, however, t o  dea l  with other  cases which may 

involve a f l u i d  t ransfer  a t  the w a l l  o r  a compressibil i ty e f f e c t  where i t  does 
2 + not  appear probable tha t  F w i l l  s t i l l  be a function of y Thus, f o r  a gen- 

eral cases w e  sought t o  make a hypotheses for  F2 which w i l l  include the  para- 

meters of v i scos i ty  and turbulence which might a f f e c t  the  phenomenon. 

t h a t  we must assume t h a t  the cor rec t ive  function i n  the  general case is  a 

universal  function not  of the  dis tance t o  the w a l l ,  but  of the  r a t i o  of tur-  

bulent  f r i c t i o n  t o  viscous ' f r i c t i o n  Z, / T ~ .  
' derived from the elements j u s t  es tabl ished f o r  the f l a t  p l a t e  which give: 

For 

This funct ion is immediately _ _  __ ~ - - - __ _----_I___ - 
, 

(11.8) 

It may be more convenient t o  use the r e l a t i o n  between the cor rec t ive  
2 function F and the  new r a t i o :  

The corresponding curve is  shown i n  Figure 3. It shows tha t  L e  cor rec t ive  

function F is i n  f a c t  zero when turbulent  f r i c t i o n  is  zero, i.e., a t  the 

w a l l ;  it tends toward 1 when 7&% /y+ tends toward i n f i n i t y .  . -  It reaches i n  

a c t u a l i t y  a value very c lose  t o  uni ty  when the r a t i o  of turbulent  f r i c t i o n  t o  

viscous f r i c t i o n  a t t a i n s  a value on the order of 40 o r  50. 

2 
_ _  

One can a l s o  see t h a t  t he  equation f o r  t o t a l  f r i c t i o n : Z = r  +r with 
- 4  i 

$=p3L( a n d ' c t = p i J  ' '($=' can be put i n  the form: 
_- - - _ _ _  - ?Y: _i 



sp i 
- - _. __ - - __ 

Figure 3,  Corrective function for viscous sub-layer. 

where: 

Identifying i t  with (11*8), F is  expressed as  a function of total  fr ict ion 

and mixing length by the following Formula (11.8 a) 

~. .... , _ -  
I .- (II.8a) 

, I .  

, I  

. *  . 
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I I ,2 .1  Preliminary Observations 

The obvious i n t e r e s t  of the hypotheses we have j u s t  set up is t h a t  they 

allow us t o  handle an expression f o r  t o t a l  f r i c t i o n  i n  the  d i f f e r e n t  regions 

distinguished i n  the turbulent  boundary layer  and t o  use t h a t  expression t o  

study l o c a l  equations f o r  the  boundary l aye rD 

It should be espec ia l ly  noted tha t  t he  cor rec t ive  function F2 allows us  

t o  take up the  viscous sub-layer; i t  can be used later t o  solve the equations 

f o r  the boundary layer  i n  the  na tura l  condition of u = o and y = 0. 

I n  a general  manner, i t  is possible  t o  introduce the  expression derived 

f o r  f r i c t i o n  i n  a l o c a l  equation f o r  momentum and attempt t o  solve it by 

numerical means; a f i n i t e  differences technique cur ren t ly  under inves t iga t ion  

should allow us  thus t o  obtain exact r e s u l t s  f o r  a l l  conditions a t  the  boun- 

d a r i e s  which w e  might encounter. 

Nonetheless, we attempted t o  f ind  i n  advance a means of checking the 

hypotheses by applying them t o  a special, but important type of flow, i.e., 

t h a t  of equilibrium boundary layers .  

equilibrium boundary l a y e r s p  which represent  the homolog of similar laminar 

so lu t ions  i n  the  turbulent  caseo t h a t  we w i l l  be ab le  t o  examine i n  a syste- 

matic manner the e f f e c t  of such f a c t o r s  as pressure gradients  and f l u i d  trans- 

f e r  a t  t he  w a l l  and t o  undertake an ana lys i s  of t he  e f f e c t s  of compressibility. 

Moreover, i t  is i n  connection with these /11 

The general  p r inc ip le  of t h i s  research uses the very c l a s s i c a l  notions of 
ex te r io r  and i n t e r i o r  boundary layers  i n  the majority of s tud ies  conducted so 

f a r  on the  turbulent  boundary layer ,  

is t h a t  i t  allows us  to  deaf separa te ly  with the  region i n  which v i scos i ty  

occurs by 

mity of the w a l l .  

The obvious i n t e r e s t  i n  t h i s  technique 

taking advantage qf a considerable,simplifjcation due t o  the  proxi-,  

I , , ' ,  I O  I I I , ,  



Nonetheless, w e  should emphasize t h a t  t h i s  s impl i f ica t ion  comes in to  play 

on the condition t h a t  the Reynolds number i s  l a rge ,  because the hypothetical  

existence of an equilibrium boundary layer  is  not  acceptable except i n  t h i s  

case as w i l l  be  seen later. 

11.2.2 Example of an Impermeable, Incompressible Wall 

a) I n t e r i o r  and ex ter ior  regions - overlauuinn condition 

-According t o  ordinary concepts,the i n t e r i o r  region is  the region near 

the  w a l l  

turbulent  f r i c t i o n  terms and i n  whichphenomenaare e s sen t i a l ly  dependent on 
f r i c t i o n  a t  the  w a l l ' .  

bution of v e l o c i t i e s  i n  the form 

i n  which the  forces  of i n e r t i a  are small compared t o  the viscous and 

Dimensional ana lys i s  leads us  t o  represent  the  d i s t r i -  

where u is the  f r i c t i o n  speed: 
T 

That is  the  w a l l  l a w  dealing with the  viscous sub-layer where the  correc- 
2 tive funct ion F 

mic d is t r ibu t ion ,  

comes i n t o  play and the  turbulent  w a l l  region with fogarith- 

- The ex te r io r  boundary l aye ro  beginning a t  sho r t  dis tances  ys is the  

region where the  forces  of i n e r t i a  and f r i c t i o n  are the  same size;  dimensional 

ana lys i s  leads us  t o  represent  va r i a t ion  i n  de f i c i en t  ve loc i ty  i n  the form: 

11 



a function which should be independent of the abscissa  f o r  equilibrium boundary 

layers  e 

-An important condition is  tha t  there  may not be a d iscont inui ty  between 

the w a l l  l a w  and the  de f i c i en t  ve loc i ty  l aw;  i n  f a c t ,  the  two overlap over one 

e n t i r e  port ion of the boundary layer ;  one very general ly  granted consequence 

is tha t  the w a l l  l a w  and the  de f i c i en t  ve loc i ty  l a w  must both be i n  logari th-  

mic form i n  the  overlapping region. 

b) Form of the  wa l l e f r i c t ion  l a w  

The overlapping condition leads immediately t o  the  expression of the  

f r i c t i o n  coe f f i c i en t  of the w a l l  as a funct ion of the  Reynolds number. In the  

overlapping region, the w a l l  l a w  and the  de f i c i en t  ve loc i ty  l a w  should be /12 
w r i t  ten : 

L _  - -- 

. -- 

Eliminating U / U T - ,  we obtain:  
. .-  

. ... . - 

This re la t ionship ,  i n  which the f r i c t i o n  coe f f i c i en t  is f i r s t  expressed as a 

function of t he  Reynolds number f o r  the  physical ' thickness 6' of t h e  boundary 

12 



. .  . _._ 

l a y e r , i s  one of the basic  re la t ionships  i n  our treatment of equilibrium boun- 

dary layers .  

c) Universal i ty  of the wal l  l a w -  Wall condition 

It is  admitted very generally tha t  the  logarithmic turbulent w a l l  l a w  is 

a universal  re la t ionship ,  which holds i n  the case of an impermeable w a l l  when 

there  is  a pressure gradient  dp/dx, 

and t o  show a t  the  same t i m e  t h a t  it assumes tha t  the  Reynolds number is high 

enough 

It is useful  t o  support t h i s  hypothesis 

Therefore, the  " w a l l  condition'* w i l l  r e f e r  t o  the simplified boundary 

layer  equation t o  be used i n  the v i c i n i t y  of the w a l l  and i n  which the i n e r t i a  

terms w i l l  be neglected. 

onment the Navier-Reynolds equation gives: 

For an  impermeable w a l l  i n  an incompressible envir- 

6 "  Using the  var iab les  of the w a l l  l a w  and der iving the  parameter ! p'=-- d2 
I zp d x  f o r  the equilibrium boundary l a y e r s p  w e  may mite: _- - 

W e  see t h a t  the w a l l  Condition i n  its ordinary form z= Zp is appl icable  

t o  the case of pressure gradients ,  only i f  the Reynolds number tends toward 

i n f i n i t y ,  

equation previously wr i t t en  f o r  t he  f l a t  p l a t e  with a pressure gradient:  

The hypothesis t o  be proposed later w i l l  permit us  t o  f ind  the  w a l l  

I /  I 
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The r e s u l t s  es tabl ished i n  paragraph 11.1.3 thus hold 

i n  the case of l a rge  Reynolds numbers. 

curve u (y ), which allowed us t o  accurately determine the  cor rec t ive  function 
2 F . 

curve i n  Figure 4 which corresponds i n  the established turbulence t o  the log- 

arithmic relat ionship:  

f o r  pressure gradients 

The universal  w a l l  l a w  is thus the 
+ +  

With van Driests' Formula (11.5), where w e  l e t  k = 0.41, we ob ta in  the  

(11.11) 

11.2.3. Extension t o  ' the General Case 

Variables used - The preceding discussion may be taken up again i n  a 
more general  casep  i.e., f o r  the study of f l u i d  t ransfer  a t  the  w a l l  and f o r  

the  study of compressibiliy. 

I n t e r i o r  and ex ter ior  regions,as wel l  as io w a l l  l a w  and a deficiency l a w ,  

are s t i l l  defined and w i l l  be applied s imi la r ly  to var iab les  other than velo- 

c i t y  (or t o  transformed var iab les ) .  

t i o n  should give way t o  logarithmic re la t ionships  i n  an area of overlapping 

and t h i s  condition d i c t a t e s  the  technique which allows us  to  def ine  them: 

W e  still  f ind  t h a t  the var iab les  i n  ques- 

- i n  a study of the  w a l l  l a w  t he  var iab le  Y'C uou - h ,Tp f i P  t i  'yp 9/,p!- 
is  the f i r s t  value sought-which will-give a- logarithmic-relationshipf ~ or  the-- - . 

establ ished - -turbulence i n -  - _  - the  form : , ? i  , 

(11.12) 

+- - -  - the  corresponding deficiency var iab le  should be ye - y e  which, i n  
. _ -  

t h e  overlapping region, takes  the  logarithmic form 
, 

.- 

(11 e 13) 



- . _  

Figure 4, Incompressible w a l l  l aw ,  

Laws of f r i c t i o n  and f l u i d  t ransfer  a t  the w a l l -  They are determined 

by eliminating Y+ from (11.12) and (11.13) t o  give the logarithmic re la t ion-  

ship: 

(11.14) 

4 

Wall conditions - W e  still  seek the so lu t ion  a t  s u f f i c i e n t l y  high Rey- 

nolds numbers so t ha t  the  pressure forces' are __ n e g l i g i b l ~ ~  - --  compared t o  viscous 

and turbulent  stress i n  the  w a l l  region. 

I n  the case of f l u i d  t ransfer  a t  the w a l l ,  i t  w i l l  be  necessary t o  keep 

the  i n e r t i a  tern because of the in j ec t ion  veloci ty .  In a study t o  be made i n  

an  incompressible f lu id ,  the Navier-Reynolds equation f o r  the  v i c i n i t y  of t he  

w a l l  w i l l  thus becomes,: 
. _. .. .. .~ .. . ... 

(I1 e 15) 
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In a study of an impermeable wall in compressible fluid, the wall condi- 
t ions found from the momentum equation and the energy equation are written 
respectively 

(II.16a) 

(II.16b) 



111. BOUNDARY LAYERS WITH PRESSURE GRADIENTS 

INCOMPRESSIBLE FLUIDS 

111.1. Defini t ions and General Assumptions 

An equilibrium turbulent  boundary l aye r  is defined simply as a flow f o r  

which the  def ic ien t  veloci ty  p ro f i l e s  remain similar, i.e. f o r  which the  

curve of - as a function of 216 is independent of the  abscissa,  

experimental da t a  which f i r s t  showed the exis tence of such boundary layers .  

The most obvious case and t h e  f i r s t  one observed w a s  t h a t  of t he  f l a t  p la te .  

Clauser [4] and Rotta [5] 'found t h a t  ce r t a in  pressure gradients could give 

rise t o  equilibrium boundary layers ,  

Fer r i s  161, Herring and Norbury [ 7 ] ,  and S t r a t fo rd  [8] later establ ished 

results confirming t h e i r  existence i n  various pressure gradients ,  pos i t ive  o r  

' negative. 

U, - Y  
U-E: 

It w a s  

Other authors, such as Bradshaw and 

Equilibrium boundary layers  were a l so  the  subjec t  of quite a number of 

analyses on the  theo re t i ca l exp lo i t a t ion  level. 

from equations f o r  t he  boundary l aye r  is  a qui te  recent development, however. 

W e  note the  so lu t ion  establ ished by Mellor and Gibson [9] from a scheme f o r  

eddy v iscos i ty  through a treatment q u i t e  similar t o  t h a t  presented here. 

The establishment of so lu t ions  

A f i r s t  a t tempt  t o  analyze the  conditions f o r  obtaining an equilibrium 

boundary l aye r  can be  ca r r i ed  out,  as w a s  done by Bradshaw, from the overa l l  

equation f o r  momentum i n  t h e  boundary layer :  

Equilibrium would p reva i l  when the  f r i c t i o n  force  and t h e  pressure force - I 15  

contr ibute  t o  t h e  va r i a t ion  i n  momentum i n  a proport ional  way. 
I 

- 

Thus, t he  classical parameter - 5" de appears,which should remain con- 7 p  dx 
s t a n t  f o r  an equilibrium turbulent  boundary l aye r  (in t h e  same way as i n  s imi l a r  

$ 1 .  3 6 1  t 
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solut ions f o r  a laminar boundary l aye r ) ,  

t h e  treatment t o  follow, 

This r e s u l t  w i l l  be  found ,again i n  

111.2. Exter ior  Boundary Layer - 
Solution f o r  Equilibrium Boundary Layers 

The general p r inc ip l e  of research, as s t a t e d  befores  consisted i n  dealing 

separately with the  i n t e r i o r  region, where the  e f f e c t s  of v i scos i ty  are con- 

f ined,  and the  ex te r io r  boundary l aye r , i n  order  t o  make use of the overlapping 

condition and end up with a l a w  of w a l l  f r i c t i o n ,  

However, w e  have seen ' that  i n  t h e  case of an impermeable w a l l  i n  an 

incompressible f l u i d ,  the e f f e c t  of the  pressure gradient diappears a t  l a r g e  

Reynolds numbers. 

w a l l  law, which i n  es tabl ished turbulence i n  the  overlapping region tends 

toward the  logarithmic form: 

The curve given f o r  the f l a t  p l a t e  is thus the  universal  

(111.1) 

It remains f o r  us t o  so lve  the  problem of the e x t e r i o r  boundary layer ,  

f o r  which w e  s h a l l  seek a so lu t ion  t o  the l o c a l  equation f o r  t h e  boundary layer .  

111.2.1. D i f f e ren t i a l  f o r  Deficient Velocity 

The region under study is tha t  of an establ ished turbulent  flow where 

f r i c t i o n ,  composed primarily of t h e  turbulence term, i s  expressed by a;he class- 
ical  formula for mixing length: 

- .... . 

According t o  the  hypothesis of our ~&erne~  the  evolution, of mixing length 

is represented by the  relat ionship:  



where the s c a l e  is represented by the  physical thickness 6 of the  boundary 

layer.  

The thickness 6 is a l so  the d is tance  t o  the wal l  one should r e f e r  t o  
- 

i n  t h i s  treatment. Thus, t he  dependent and independent var iables  are: 

(111.2) 

where f is  d i f f e ren t i a t ed  with respect t o  n o  

Then w e  hypothesize t h a t  the  de f i c i en t  ve loc i ty  p r o f i l e  is invar iab le  

according t o  the  abscissa,  and: 

Final ly ,  we  use the  hypotheses given above t o  express the d i f f e ren t  terms 

and develop the  equation f o r  momentum: 

bearing i n  mind t h e  cont inui ty  equation, 

Thus, w e  obtain a d i f f e r e n t i a l  equation f o r  f v  as a function of  ?l, an 

equation which is f i r s t  wr i t t en  as: - _ _  - 



U i t  2'# 6' represent a der iva t ive  with respect t o  x, while f '  and f" ind ica te  

der iva t ives  with respect t o  q. 

are used: 

For grea te r  c l a r i t y  the  following notat ions 

(111*4) 

The four equation parameters are: 

An equilibrium so lu t ion  can be  r ea l ly  found t o  confirm the hypothesis 

only i f  these four  parameters are constant. 

In  the f i r s t  place, i t  is c l ea r  t h a t  t h i s  condition can be s a t i s f i e d  only 

i f  t he  f r i c t i o n  term y is zero. 

spond t o  a Reynolds number tending towards i n f i n i t y .  

l a w  of w a l l  f r i c t i o n  ( I I e 9 ) ,  which w e  w i l l  a r r i v e  at later through t h e  o v e r  

lapping condition, permits us t o  express the parameter: 

Thus, the equilibrium so lu t ion  should corre- 

W e  next observe t h a t  t he  

W e  have ac tua l ly :  

Since i t  is on the  order of y, thelparameter tends toward zero with it. 

A t  l a rge  Reynolds numbers, Equation (111.3) is thus wri t ten:  



(I11 e 6 )  

- 117 
Now, i n  order t o  determine prec ise ly  the  conditions,  w e  s h a l l  f i r s t  observe 

t h a t  t h e  stream function f ,  following t h i s  equation, is defined only up t o  an 
approximate addi t ive  constant. To s implify,  w e  s h a l l  select it so t ha t :  

(III .7a) 

Two fu r the r  boundary conditions t o  b e  added are those of zero f r i c t i o n  

and zero def ic ien t  veloci ty  at  the edge of the  boundary layer:  

Final ly ,  t h e  remaining parameter can be expressed by Equation (111.6) 

integrated from 0 t o  1 and requir ing t h a t  i t  s a t i s f y  t h e  condition 

(111.74 

Thus, w e  f ind  t h e  relat ionship:  

which expresses the  last parameter as a function of B. 

(111.8) 

The d i f f e r e n t i a l  equation giving t h e  d i s t r ibu t ion  of def ic ien t  ve loc i t i e s  

f o r  a boundary l aye r  with a pressure gradient i n  the  case of high Reynolds 

numbers f i n a l l y  becomes 

(111.9) 
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It brings i n t o  play the  only pressure gradient parameter: 

(III.9b) 

111.2.2. Pr incipal  Character is t ics  Provided by the Solution. 

W e  f i r s t  note  t h a t  the  pressure gradient parameter B,  formed here w i t h  

the  physical thickness 6 of the boundary layer ,  is d i r ec t ly  l inked t o  the  

parameter 
I 

w h i c h  is used more commonly i n  the study of equilibrium boundary layers.  

e f f e c t  w e  have : 

I n  

where f is a function of B given by the  so lu t ion  of Equation (9).  1 '  

A technique f o r  t h e  numerical so lu t ion  of t h i s  equation has been developed 

and applied f o r  a whole series of pos i t ive  and negative values of the  parameter 

8.  
t h e  equilibrium boundary layers  f o r  negative and pos i t i ve  pressure gradients 

the l a t te r  up t o  the  separation point of (p--). 

The so lu t ion  thus gives the  family of def ic ien t  veloci ty  p ro f i l e s  f ' ( n )  of 

It a l so  provides the  f r i c t i o n  

Characteristic i n t e g r a l  r a t i o s  can a l so  be  derived which are commonly 

used f o r  the study o r  u t i l i z a t i o n  of equilibrium boundary layers:  

I (111.10 1 
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- 
* '  

(11I.llb) 

The f i r s t  br ings i n t o  play t h e  Clauser thickness A. 
The f ac to r  f o r  t he  def ic ien t  ve loc i ty  p r o f i l e  i n  its usual form 

- -  

f G=.- 
fi (111.12) 

f l ,  f 2  and G are functions of the pressure gradient function 8 determined by 
t he  so lu t ion  of Equation (111.9). 

The asymptotic form of t h e  equation used l i m i t s  i n  pr inc ip le  t h e  r e s u l t s  

b t o  the  region of very high Reynolds numbers. Experience, as well as attempted 

nonasymptotic solut ions where y is taken i n t o  accountp show t h a t  t he  deformation 

of the deficiency p r o f i l e  is small and t h a t  asymptotic r e s u l t s  cang i n  f a c t ,  be  

used i n  a wide range of Reynolds numbers t o  cover numerous p r a c t i c a l  problems. 

It should be emphasized tha t  the  so-called "exterior" region overlaps the  

w a l l  region up t o  very s m a l l  y dis tances ,  a property which allows us t o  deter- 

mine r a the r  c losely t h e  common i n t e g r a l  thicknesses of the  boundary Payer by 

in tegra t ion  from ';t of t h e  deficiency prof i le .  For dispPacernent thicknesses 

and momentum, the  followjhng formulas are obtained: 

111.2.3. W a l l  F r i c t ion  Law. . -  



- 

t he  use of t he  overlapping of the  w a l l  l a w ,  given i n  the  turbulent portion by 

the logarithmic Formula (111.1) and the l a w  of def ic ien t  veloci ty  given by the 

so lu t ion  of Equation (111e9). The form,of t h i s  equation and its so lu t ion  show 

tha t  a t  s m a l l  values of rl def ic ien t  veloci ty  is given by the  logarithmic rela- 
thionship t o  the  f i r s t  order: 

(111.14) 

where &, is a function of the  pressure gradient parameter. __ 

Eliminating u / u r  from Equations (111.1) and (111.14) w e  f ind  a relat ion-  
.. 

sh ip  f o r  t h e  f r i c t i o n  coef f ic ien t  expressed as a function of thickness 6: - /19 

(111.15) 

with 

The next s t e p  is t o  introduce the  Reynolds number f o r  t h e  displacement 

th,ckness i n t o  the  f r i c t i o n  law, using Popmulip (111.13) for&*/./e !l%is gives 
~~. 

t h e  classical formula: 

with 

p - is also a function of 6 determined by the  so lu t ion ,  
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111.2.4. Limiting Cases of t he  Solution. 

Lower l i m i t  with negative pressure gradient.  Study of Equation (111.9) 

i n  the in tegra ted  form shows t h a t  t h e  coef f ic ien t  I /  f, -b 2s should remain 

pos i t i ve  i f  f r i c t i o n  i s  not t o  become negative at any point i n  t h e  boundary 

layer .  

parameter i n  accelerated flow. . Numerical so lu t ion  gave t h i s  l i m i t  as: 

There is consequently a lower l imi t ing  value of t he  pressure gradient 

It w i l l  be  shown later (paragraph 111.4.2) t h a t  t he  coef f ic ien t  f/h tzp 
- 

is proportional t o  t h e  ex te r io r  f l u i d  d r a m  away through the  boundary layer .  
The physical s ign i f icance  of t h i s  l i m i t  _ _  is - simply-that _ _  - th i s -en t ra inment  - cannot - __ be _. 

- - 

- 

negative. 

Large results - Separation. The var iab le  f v  used becomes i n f i n i t e  at  

separat ion (uT=o) 
var iab le  such as 

must be determined i n  p r inc ip l e  from the form of the  deficiency equation with 

t h i s  new va r i ab le  and when tends toward i n f i n i t y .  

and i n  t h i s  c a s e s i t  is i n t e r e s t i n g  t o  replace i t  by a 

which remains f i n i t e .  The so lu t ion  f o r  separat ion 
LL, - u 

p 

K U  
Here, w e  s h a l l  confine ourselves t o  observing that-""- va r i e s  very 

slowly with B at l a rge  values. Distr ibut ions corresponding t o  the  values given 

below f o r  f3 = 2 and B = 5 are almost i d e n t i c a l  and should appreciably represent 

t he  separat ion p ro f i l e ,  

+ @ 

Similarly,  t he  r a t i o s  of t he  d i f f e ren t  parameters to vary very slowly 

The values t o  be re tained i n  and may be  extrapolated closely up t o  1/f3 = 0. 
separat ion are: 

(III. 17) 
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Note i n  conclusion t h a t  t h e  veloci ty  p r o f i l e  is e a s i l y  found from the  

separat ion and the  form parameter corresponding bo it: the  l a w  of f r i c t i o n  

(111.16) gives the  following when C 8 tends toward 0 a t  a f ini te  $f : - /20 f 
1 .  

(111.18) 

111.3. Presentation of Equilibrium Boundary Layer Results 

111.3.1. Pr inc ipa l  Results of the  Solution 

A numerical program u t i l i z i n g  a simple difference technique with narrow 

in t e rva l s  (more than 400 s t eps  from Q = 1 t o  17 = 0) w a s  applied t o  t h e  resolu- 

t i o n  of equation (111.9) with many values of t he  pressure gradient parameter 

from t h e  lower l i m i t  6 = -0.44 t o  a high pos i t i ve  value corresponding t o  con- 

d i t i ons  very c lose  t o  those of separation (1) 

Table 1 gives t h e  numerical values f o r  def ic ien t  veloci ty  f P  as a function 

f o r  some of t he  parameters of pressure gradient B e  of 

It is completed by Table I1 where‘we have regrouped t h e  d i f f e ren t  con- 

s t a n t s  and i n t e g r a l  cha rac t e r i s t i c s ,o f  t h e  equilibrium p r o f i l e  as functions 

of B. 

Figure 5 shows the  def ic ien t  veloci ty  prof i les .  Using a logarithmic 

scale f o r  Q we f ind  the  curves t o  b e  l i n e a r  a t  s m a l l  values of 17 w i t h  a slope 
of l/k. 
t h e  var iab le  f’/B; one should note  the  very slow va r i a t ion  pointed out 

previously and t h e  tendency toward a l imi t ing  curve which should correspond 

t o  the  separat ion prof i le .  

‘I’In numerical calculat ioh a modified var iab le  w a s  used forqf i n  order  t o  
eliminate an  i t e r a t i o n  Dreviouslv used u n t i l  t he  boundarv conditions 

The p ro f i l e s  f o r  l a rge  values of B are shown as explained by using 

_ _ _ ~ _  - 

were s a t i s f i e d ,  The r e i u l t s  obti ined are slightly . _ - ___. ‘dif fegent _ _ _  from _ - -  
from-those Dresented a t  Stanford 111 oi I 1  I \ I  , I (  
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P -0,442 
J 0-0,31 

9-Q,21 

0 - 0 , l O  

0 0  

0 0 , l O  
* 0,20 

* 0,30 , 
V 0,40 

A 0,60 

Y 
6 i 0,8 --w- 

Q 
. . .. . - . .- . __ ..- . . 

T a b l e  1. 

P' 

10 
5 

0 

Table 2. 
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0-0.482 

0-0.31 
0-0.21 

0 - 0 , l O  
* 0  

*0,10 , 

0 0.20 

0 0.30 
0 0.40 

A 0.60 
A 0.80 
V I  

Figure 5. a) Deficient_ velocities; b) Deficient velocities 
with large 8; e) Deficient veloc2ty profiles, 
Logarithnchc scale _-(_- - for y/6 e 
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Figure 6 shows f r i c t i o n  d is t r ibu t ions  (* = L 2 f " " )  i n  t h e  boundary layer.  

One should note  i n  pa r t i cu la r  t he  e f f e c t  of pos i t ive  pressure gradients which 

quickly give rise t o  a m a x i m a l  f r i c t i o n  much grea te r  than the  w a l l  f r i c t ion .  

A t  large values of B representation i n  t h e  form Z /Z,F)' leads t o  curves which 

vary very l i t t l e  and whose l i m i t  gives the f r i c t i o n  p r o f i l e  f o r  separation. 
- 

Figure 7 shows the  evolution of t he  w a l l  f r i c t i o n  coef f ic ien t  with the  

Reynolds number f o r  displacement thickness 6") (Formula 111.16) We see t h a t  

negative pressure gradients give rise t o  an increase i n  C which is  normal and 

that pos i t ive  gradients produce the  opposite e f f e c t ,  giving zero f r i c t i o n  when' 

B tends toward in f in i ty .  

f 

111.3.2. Comparison With Experimental Data. 

One in t e re s t ing  aspect of s tud ies  i n  incompressible f l u i d s  is  t h a t  w e  can 

check the scheme hypotheses by comparison with a grea t  number of confirmed ex- 
perimental data. 

of t h e  Stanford conference, f o r  which an important preparatory pro jec t  by Coles 

and H i r s t  [2] provided a considerable volume of experimental data.  This docu- 

ment w a s  widely used f o r  our comparisons regarding deficiency ve loc i ty  p ro f i l e s ,  

In  order t o  avoid t h e  experimental inaccuracy which is almost inevi tab le  irn 
determination of physical  thickness 6 ,  w e  preferred aha$ - t o  relate the 
distance y t o  Clauser's thickness in tegra l :  

Such checks w e r e  car r ied  out i n  p a r t i c u l a r  on the  occasion 

, 

The f i r s t  comparison of our so lu t ion  with experimental r e s u l t s  (Figure 8)  

deals  with the  case of a f l a t  plate .  The experimental r e s u l t s  are those which 

gave rise t o  the  well-known regrouping car r ied  out  by Clauser 143.  Obviously, 

w e  expected s a t i s f a c t o r y  agreement s ince  it is from these very ve loc i ty  and 

f r i c t i o n  d i s t r ibu t ions  i n  a bound& l a y i r  of a flat p l a t e  tha t  our hypothesis 

on mixing length w a s  es tabl ished.  

' .  

I I I  

I 1  

I ! L  , , I  4 
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0 8,40 I 

Q 0,30 . 
0 0,20 ' 

(D 0,1Q 

0 0  
I * 4 1 0  ' 

* 4 2 1  : 
I 4 3 1  ' 

e-0,442 , 

Figure '6.. I 

a) Friction profiles 

Figure 6.  

b) Friction profiles w i t h  1 

large 8. 



Figure 7. Evolut&on o f .  the friction law with 8. 

I 
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involve a negative pressure gradient 

- Figures 9b and 9c  show the  experimental r e s u l t s  of Bradshaw and Fe r r i s  /25 
[ 6 ]  and Clauser [4] found with pos i t ive  gradients.  

-Figure 9d shows the  comparison with veloci ty  p ro f i l e s  measured by 

S t r a t fo rd  18 ] i n  conditions near  separation e 

Final ly ,  Figure 10 gives the comparison with experimental p ro f i l e s  plot ted 

by Schubauer and Klebanoff [ lo]  with d i f f e ren t  abscissas  i n  a pressure gradient 

up t o  separat ion of t h e  boundary layer.  

equilibrium boundary layer ,  as t h e  considerable va r i a t ion  of t h e  form fac to r  

G shows. 

can still be  represented by those of t h e  family of equilibrium prof i les .  

We are no longer dealing with an 

It is  obviously of i n t e r e s t  t o  observe t h a t  t h e  experimental p ro f i l e s  

A noticeable  divergence between t h e  experimental p ro f i l e s  and t h e  equi l i -  

brium p ro f i l e s  occurred only i n  t h e  s p e c i a l  case of relaxing flows - thus, f o r  

example, a flow i n  which an in tense  pos i t i ve  pressure gradient leads t o  condi- 

t i ons  close t o  separat ion and which is later attenuated and returns  t o  a uniform 

flow. We were ab le  t o  note  that the  p ro f i l e s  p lo t ted  with respect t o  the  

maximum form=-parameter could b e  q u i t e  noticeably d i f f e ren t  from an equilibrium 

p r o f i l e  when it increases  toward a f l a t , g l a t e  value with the same form f ac to r  

6. 
I ,  ' i  I , I  8 '  I ,  

The check involved comparing t h e  so lu t ion  with t h e  majority of avai lable  /24 
experimental r e s u l t s  concerning equilibrium boundary layers  with pressure gra- 

dients  - results which were reanalyzed as a whole i n  grea t  d e t a i l  by Coles 

and H i r s t .  Note t h a t  t he  object  w a s  not t o  compare experimental r e s u l t s  w i t h  

a calculat ion of the  boundary layer  bu t  t o  check t h a t  t h e  experimental p ro f i l e s  

could be e f f ec t ive ly  shown by the  proposed family of t heo re t i ca l  p rof i les .  

Each comparison w a s  performed with the  t h e o r e t i c a l ' p r o f i l e  chosen i n  each case 

as t h a t  which corresponds t o  t h e  experimental value of t h e  f ac to r  i n  t h e  form 

of G o  The r e s u l t s  obtained are shown i n  Figures 9a through 9d. 

-Figure 9 shows t h e  r e s u l t s  obtained by Herring and Norbury [7] which 
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111.4. U t i l i za t ion  o f  an In t eg ra l  Method of Calculation f o r  - /26 
t he  Case of a Nonequilibrium Boundary Layer 

111.4.1. General Pr inc ip le  

In  view of the  preceding comparisons, w e  may seek t o  e s t ab l i sh  an approxi- 

mative method of ca lcu la t ion  f o r  predict ing the development of t he  boundary 

l aye r  i n  the  case of a flow with any given pressure gradient using the  r e s u l t s  

r e l a t i n g  t o  equilibrium boundary layers  i n  solving the  boundary l aye r  global  

equations. 

technique and some of its re su l t s ,  

Such a method w a s  prepared and applied [l]; w e  s h a l l  review t h e  

The most immediate technique, a l toge ther  comparable t o  t h a t  of the  Karman- 

Polhausen method f o r  laminar flow, would mean using r e l a t ed  laws d i r e c t l y  which 

r e l a t e  the form parameter and the w a l l  f r i c t i o n  coef f ic ien t  t o  t h e  pressure 

gradient parameter 6 f o r  an equilibrium boundary layer ,  i n  order t o  so lve  t h e  

glob a1 momentum equation 

However, experimental r e s u l t s  show. t h a t  i f  the  veloci ty  p r o f i l e s  can be  

cor rec t ly  represented by t h e  family of equilibrium p r o f i l e s  the re la t ionship  

between the  form parameter and the  experimental pressure gradient parameter 6 
may d i f f e r  considerably from tha t  of an equilibrium boundary l aye r  i n  t h e  

general  case. 

1 

A b e t t e r  technique consis ts  ,of jo in ing  an, auxi l ia ry  global  equation t o  

the  Karman equation, bringing i n t o  play the,&aracqeristic,parameters of equil-  

ibrium p ro f i l e s  but  without d i r e c t  use of 8 .  
is t h e  entrainment equation. 

lChe auxi l ia ry  equation used here  

111.4.2. Equations and Solution Method 

I I  I , , $ I  

Karman equation. The general  form of the  overall equation for momentum 

in  an incompressible plane flow is: 

, I 1  
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The term including the  longi tudina l  der ivat ives  of turbulence in t ens i ty  

is neglected i n  the  quas i - to ta l i ty  of ca lcu la t ing  methods proposed so f a r .  

Given, however, t h a t  i t  can play an important pa r t  i n  in tense  pressure gra- 

d ien ts ,  especial ly  approaching separat ion,  w e  deemed i t  necessary t o  r e t a i n  it 

and look f o r  an estimate of its value, 

This estimate is foqnd very eas i ly  b y  returning t o  the  elementary hypo- 

t h e s i s  of t h e  mixing length theory, according t o  which f luc tua t ions  u’ and v‘ 

are proportional t o  each o ther  over t he  grea te r  p a r t  of the  boundary layer .  

The appropriate term i n  the  Karman equation is  thus i n  the form: 

(111.20) 

where Z b  is turbulent  f r i c t i o n  and C is a constant t o  be found empirically.  

Schubauer and Klebanoff’s analysis  of turbulence measurements bore out . 

t he  preceding re la t ionship  and l ed  t o  a constant C on the  order of 3.5; t h i s  

value was used i n  boundary l aye r  calculat ions approaching separation. 

Entrainment equation: Introduced i n i t i a l l y  i n  an empirical mwner by 

Head 1111, t h e  entrainment eqqation can be  j u s t i f i e d  and evaluated through t h e  

use, f o r  instance,  of t he  fqllowiqg ,argument;s:: ,, I 

-The entrainment equafion is made of none o ther  t h 9 , t h e  overal$ 

I 
. ,  cont inui ty  equation: , , I  

* , I  1 I I L L  I 

, (111.21) 



Empirically, Head found the  entrainment $"&p by granting tha t  i t  is a 

function of t he  form parameter S-S;/8, and resor t ing  t o  experimental data  t o  

determine the function. 

using the propert ies  of equilibrium boundary layers .  

a e  

We propose t o  replace t h i s  empirical approach by 

I _  - L e t  us f i r s t  observe t h a t  at t h e  edge of t he  boundary l ayer  ( 3  = b ) 
t he  local, momentum equation can b e  wri t ten:  

Thus entrainment is connected with the  f r i c t i o n  der iva t ive  by re la t ionship  t o  

vel0 c i t y  : 

- Given th  f a c t  t h a t  the  hypothesis w a s  made from a family of equi l i -  

brium p r o f i l e s ,  w e  can f ind  the  f r i c t i o n  der iva t ive  by means of Equation 

(111.9) f o r  equilibrium boundary layers ;  t h i s  immediately gives f o r  l3'= 1: 

whence w e  c m  f ind  t h e  entrainment 

(111.22) 

f - The parameter p = - + z p  thus appears t o  be the  e s sen t i a l  one by 

means of which the  equilibrium l aye r  r e s u l t s  are incorporated i n t o  the  i n t e g r a l  

method, 

of P and not of 6; 
ibrium boundary layers ,are  given by the  numerical values i n  Table XI, 

4 
* 

W e  s h a l l  regard t h e  other parameters fls G ,  D and -T as functions-. - 
- 

These functions,determined by the  so lu t ion  f o r  the equil-  
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Final system t o  solve and relat ionships  used: The method consists of 
simultaneously solving the  two overa l l  equations: 

- Karman equation; wri t ten i n  the  form 
_ _  

with 

trainmen equa ion; i n  v i e w  of the arguments., I becomes : 

- the  in t eg ra l  thickness r a t i o  ,is found from the formulas: 

- che relat ionship f o r  the f r i c t i o n  coeff ic ient  is: 

- t he  solut ion f o r  the  equilibrium boundary layers  gives the  d i f f e ren t  

parameters as functions of the entrainment parameterti p p z  +Zp? 
*- -1 I 

Their numerical values are given i n  Table II, 
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III.4.3. Sample Results 

The method j u s t  presented w a s  applied at the  Stanford Conference t o  a 

whole series of experimental cases chosen by Coles and H i r s t  involving t h e  

consideration of a grea t  var ie ty  of  pressure gradients.  

typ ica l  examples of r e s u l t s  found from t h a t  method by comparing the  calculated 

evolution f o r  t h e  form parameter b*/ B 
Reynolds number f o r  momentum thickness ,Rs = _P t o  experimental data. 

Figure 11 shows four  

t h e  f r i c t i o n  coef f ic ien t  Cf and t h e  
ut8 
3 

We should note  t h e  completely sa t i s f ac to ry  agreement found i n  t h e  case of 
Herring and Norbury - t h a t  is t o  say, i n  an accelerated ex ter ior  flow. 

Newman's experiments and those of Schubauer and Klebanoff relate t o  a 

pos i t i ve  pressure gradient intense enough t o  lead t o  separat ion of t he  boundary 

layer.  

term including the  longi tudinal  turbulence der ivat ives .  

W e  thus t r i e d  t o  keep i n  mind i n  t h e  calculat ion the e f f e c t  of t h e  

The b e s t  results were found f o r  Newman's experiments: the use of a 

turbulent term constant C = 3.5 ef fec t ive ly  improves t h e  results, especial ly  

as regards t h e  form parameter and RBbS and t h e  development of t he  boundary 

l aye r  i s  cor rec t ly  predicted p rac t i ca l ly  up t o  separation. 

On the o ther  hand,, i n  Schubauer and Klebanoff's case it is  clear t h a t  

taking i n t o  account t h e  turbulence terms w a s  not  adequate t o  follow the devel- 

opment of t h e  boundary l aye r  up t o  separation, even with a constant C g rea te r  

than 3.5, This is a case, i n  f a c t ,  where the  vast  majority of t he  calculat ion 

methods proposed a t  Stanford f e l l  shor t  of t he  mark. It would appear t h a t  t h e  

important e f f e c t s  of tr idimensionality,  due t o  the  development of boundary 

layers  on t h e  s ide  walls of the  blowero were present i n  these experiments (as 
i n  many o thers ) .  It is always q u i t e  d i f f i c u l t  t o ,d i s t ingu i sh  t h e  e f f e c t s  

a r i s ing  from the  turbulence tenus, and th i s ,  is an almost insurmoup&Le problem 

i n  real control  of calculat ion methods through experimentation. 

J 



1 1  
i 

f 403 
2 

0 

. I  

Herring and Norbury 

(ident 2700) 

Nmam-Airfoil 

(ident, 3500) 

Figure 1.1. Sample comparisons of integral ealcuaation 
method and experimental results. 

.- 

,(Figure continued on next page) 

40 



2 2 

I 1 

Schubauer and Klgbanoff 

(ident 2100) 

Figure 11. Sample comparisons o 
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The "Moses" case r e fe r s  t o  a "relaxing" f l a w ;  a s t rong pos i t ive  pressure 

gradient leads up t o  the neighborhood of separat ion (H increases t o  2.2 and 

C diminishes to almost zero);  i t  is next attenuated t o  the  extent  t h a t  it 

gives uniform flow downstream. It is  i n  t h i s  case t h a t  a difference between 

the  experimental veloci ty  p r o f i l e  and the  theo re t i ca l  equilibrium p r o f i l e  

appears i n  the  relaxat ion region following the  minimum of the  f r i c t i o n  

f 

coeff ic ient .  

I n  s p i t e  of t h a t ,  the calculated form parameter and f r i c t i o n  are close 

enough t o  the  experimental values; the  deviat ion is  more not iceable  f o r  t h e  

momentum thickness.  

boundary l aye r  developing along a cylinder,  and t h a t  t he  computation d id  not 

take i n t o  account t he  eventual e f f e c t  of transverse curvaturee 

It should be  noted t h a t  w e  are dealing here  w i t h  a 



I V .  CASE OF A FLUID TRANSFER AT THE WALL - /30 

I V . l .  Introduction - Review of Research Pr inc ip le  

S t i l l  i n  an incompressible f l u i d ,  w e  now propose t o  study the  case of a 

f l u i d  t r ans fe r  t o  t h e  w a l l ,  which d i f f e r s  from t h e  impermeable case by the  new 
l imi t ing  condition of a nonzero v e r t i c a l  ve loc i ty  

pos i t i ve  (blowing) o r  negative (suction) 

which may b e  either 

We still  apply t h e  technique of t r e a t i n g  t h e  i n t e r i o r  and ex te r io r  regions 

separately i n  order  t o  then use the necessary overlapping of t he  corresponding 

laws 0 

For t h e  e x t e r i o r  region, w e  s t i l l  hypothesize equilibrium, but  i n  order 

t o  do so i n  developing the  boundary layer  equation i t  is necessary t o  f i r s t  

specify t o  which var iab le  t h e  equilibrium hypothesis should apply. The method 

is t o  use t h e  overlapping condition and first t o  seek the var iables  Y' and 

v ,  - y/ which w i l l  give the logarithmic functions i n  the overlapping area. 
W e  s h a l l  f i nd  t h a t  t h e  var iables  u4  and 

need t o  b e  replaced by t h e  transformed var iables  v* and -vey-:vt t o  br ing i n  
t h e  in j ec t ion  ve loc i ty  : 

u: - u' - f o r  the impermeable w a l l  

... .- . .- - 

( IV.1)  

These are functions previously used i n  s tud ies  of t he  turbulent boundary 

We see t h a t  they were introduced so f a r  primarily l aye r  with m a s s  in jec t ion .  

i n  analysis of experimental r e s u l t s ,  while now they w i l l  be  used i n  a theoret i -  

cal solution. 

been l imited t o  the  case of miform e x t e r i o r  flow; w e  shall be  able  t o  es tab l i sh  

theo re t i ca l  r e s u l t s  i n  t h e  presence o f ,g re s su re  gradients  just as w e  did for 
t h e  impermeable w a l l ,  I I '  a ,  

We a l s o  see t h a t  t h e  experimentation i n  question has so f a r  
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We may fu r the r  attempt a first analysis  of t he  conditions which should be 

achieved t o  obtain an equilibrium boundary l aye r  through the use of t h e  overa l l  

momentum equation which is now wri t ten:  

(SV .2) 

There would thus b e  equilibrium when the  forces  of pressure,  f r i c t i o n  and 

momentum PvpUe-  due t o  m a s s  i n j ec t ion  contr ibute  proportionally t o  t h e  varia- 
t i o n  i n  momentum i n  t h e  boundary layer .  

parameters : 

This condition introduces two 

We s h a l l  f i nd  t h a t  an equilibrium so lu t ion  i n  the  development can be 

fopnd i f  w e  assume t h a t  P is constant; w e  s h a l l  see a transformed pressure 

gradient parameter emerges which br ings Zp 4FVpLle i n  place of the-rpm i n  the 

impermeable case. 
- 

- -  

IV.2. I n t e r i o r  Region - , W a l l  Law 

IV.2.1. Wall Equation 

It is q u i t e  obvious t h a t  the  new condition vP# 0 does not  allow us t o  

use a universal  w a l l  law (cy (y*) as i n  the impermeable case, and w e  m u s t  f i nd  

t h e  modifications t h a t  f l u i d  t r a n s f e r  br ings about i n  t h e  d i s t r ibu t ion  of 

ve loc i t i e s  i n  the  i n t e r i o r  region. 

mixing length and the  cor rec t ive  function f o r  the  viscous sub-layer become 

espec ia l ly  important s i n c e  they w i l l  allow p15 t o  f ind  the  so lu t ion  from the 

It is here  t h a t  the hypotheses concerning 

, n a t u r a l  l imi t ing  condition U = 0 f o r  = 0 .  

For t h a t ,  w e  w i l l  use what is ca l led  a ' :wall  condition" o r  a s implif ied 

form which cons is t s  of disregarding the  i n e r t i a  term ,ar i s ing  ,from t h e  component 

u of veloci ty  i n  the  l o c a l  momentum,equation. S t i l l  seeking a so lu t ion  f o r  a 
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l a rge  Reynolds number, w e  s h a l l  a lso  disregard the pressure gradient term and 
obtain: 

Passing t o  t h e  customary var iables  of t h e  w a l l  l a w  and expressing f r i c t i o n  as 

t h e  sum of t h e  viscous and turbulent  terms, the w a l l  equation is wri t ten:  

(IV.  3) 

The turbulence term includes the  cor rec t ive  function which w e  assumed w a s  a 
universal  function of t h e  r a t i o  of turbulent  f r i c t i o n  t o  laminar f r i c t i o n  

(Formula 11.8 and Figure 3). 
wall, w e  kept t =kf  as mixing length,  

Since w e  are dealing with the  v i c i n i t y  of the 

IV.2.2. Results f o r  t h e  Physical Variable 

A numerical program f o r  the  solut ion of Equation (IV.3) w a s  set up and 

It allowed applied f o r  a whole series of values of t he  t r ans fe r  parameter. 

us t o  f ind  the  inf luence of f l u i d  t r a n s f e r  on the  veloci ty  d i s t r ibu t ion  i n  

t h e  viscous sub-layer and i n  the  turbulent region of the  w a l l .  

Some of t h e  p ro f i l e s  obtained are s h a m  i n  Figure 12. We see t h a t  vP* 
gives rise t o  a noticeable  modification i n  the  w a l l  l a w  i n  its usual form 

U * ( X  4) e 

Moreover, Equation (IV.3) no longer gives the  same logarithmic form as with 

an impermeable w a l l  i n  a turbulent flaw, but  r a the r  a so lu t ion  i n  t h e  form: 

- . _  

The curves diverge markedly from t h a t  of t he  impermeable wall ( vp = 0 )  -- 

_ _ _  - - 

(IV 4 )  
_ _  

We see t h a t  i n  the  case of suct ion w e  must confine ourselves t o  moderate 

values f o r  the rate of f l u i d  t ransfer .  I n  the  case of a negative ve loc i ty  
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Figure 12. W a l l  l a w  with f l u i d  t r a n s f e r  i n  incompressible 
flow D 

vP t he  w a l l  condition shows t h a t  f r i c t i o n  T tends toward zero when y e  increases.  

We then f ind,  as w e  s h a l l  explain later, t h a t  t he  turbulence conditions set up 

can AO longer b e  a t ta ined ,  which obviously m a k e s  the  whole technique of our 

research f a l l s h o r t  of i ts  object ive,  

IV.2.3. Variable Leading t o  a Logarithmic Law. 

Confining ourselves t o  rates of t r ans fe r  f o r  which the  turbulence condi- 

t ions  set up can be obtained, w e  must now seek a var iab le  which w i l l  allow us 

t o  f ind  a logarithmic l a w  when the  ,vjscous term $8 negl ig ib le  and the  function 
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2 
' F is equal t o  unity. Thus, we must transform the equation: 

i n t o  an equation i n  t h e  following form f o r  t h e  transformed var iab le  v+: 
. ._--. 

(IV.5a) 

We immediately find: 

where V' m u s t  vanish a t  t he  w a l l  l i k e  u e 

( IV.  5b) 

(IV.6) 

The establ ished r e s u l t s  f o r  U T  are repeated i n  Figure 1 2  f o r  t h  trans- 

formed var iab le  V' and we immediately see t h a t  using i t  allows us t o  rearrange 

the  resu l t s  remarkably. 

es tabl ished turbulent  flow: 

W e  once more f ind  the  logarithmic formula i n  the  

The constant var ies  q u i t e  l i t t l e  with in j ec t ion  ve loc i ty ,  more espec ia l ly  

so i n  the  case of blowing (w;, 0) 
t a b l e  below: 

The numerical r e s u l t s  le t  us set 'up the 

L 

- /33 

These r e s u l t s  confirm d i f f e ren t  attempts ad: ,ana lys i s  of experimental velocLty 
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pro f i l e s  made by Stevenson [E!], i n  p a r t i c u l a r  where i t  appeared t h a t  t he  w a l l  

law with a transformed var iab le  w a s  independent of the in jec t ion  rate i n  approx- 

imated experimental dispersion up t o  values of Vp‘ on the  order of 0.10, 

IV .3 .  Exter ior  Boundary Layer - Deficient Velocity 

With \/* as t h e  var iab le  which gives a logarithmic form t o  the  wall law, 
defined by Equation (IV.6), t h e  var iab le  t o  be used f o r  the  ex te r io r  region is 
v;-v/’ - 

Introducing the in j ec t ion  parameter P already defined: 

w e  f i r s t  see t h a t  w e  can w r i t e  the  deficiency var iab le  i n  t h e  form: 

(IV. 7) 

( IV.  8)  

(We still  use the  notat ion - .  ‘y =(cf/.)% ) 1 
deficiency var iab le  is defined only f o r  PSf,. 
l imited appl icat ion of t he  so lu t ion  t o  moderate rates i n  the  case of suction.’ 

It is immediately noted t h a t  t he  

W e  are s t i l l  dealing with a 

The technique f o r  s e t t i n g  up the  deficiency equation is thus i d e n t i c a l  

t o  tha t  which w e  applied t o  the  impermeable w a l l :  

-The independent and dependent var iab les  are: 

+ v v  
7 2 s  =2 j f L ~ L l / = s -  L42 (IV.9) * 

- Fr ic t ion  is given by t h e  classical formula f o r  mixing length (r‘= I), 

+ where / d  evolves according t o  t he  assumed universal. l a w  (II,3) , 
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~. 
-The equilibrium hypothesis is  applied t o  the deficiency p r o f i l e  of 

the  transformed variable:  

- The hypotheses are used t o  express the  d i f f e ren t  terms of t h e  momentum /34 
equation taking in to  account the  continuity equation. 

Development leads t o  an ordinary d i f f e r e n t i a l  equation written only in 
t h e  shortened form: 

.. . . 

(IV .10 ) 

i n  which all terms mult ipl ied by t h e  f r i c t i o n  coef f ic ien t  y are regrouped in  
the  same parentheses and not  expressed here. 

Thus, w e  see t h e  same parameters appear as i n  the  case of an impermeable 

w a l l ;  t h e  pressure gradient i s  st i l l  modified, however, and t h e  in j ec t ion  

velocicy is introduced: 

u There is a lso  a parameter l inked t o  f l u i d  t r ans fe r :  7 ,  

It is again c l ea r  t h a t  an equilibrium so lu t ion  requires  t h a t  all these 

parameters be  constant,  We must thus f i r s t  l i m i t  ourselves,  as i n  the case of 

an impermeable w a l l ,  t o  an asymptotic  solutio^^ w i t h  i n f i n i t e  Reynobds number 
I 3  

b "0) 0 

49 



It is a l s o  seen t h a t  an equilibrium so lu t ion  w i l l  be  found i f  P is zero; 

f o r  what follows w e  s h a l l  use the hypothesis t h a t  

To express the  remaining parameters w e  use the technique adopted f o r  

impermeable w a l l s ,  br ing i n t o  play the  w a l l  f r i c t i o n  l a w  on t h e  one hand and 

the  form of the  equation in tegra ted  between 0 and 1 on the  other. 

more f ind  tha t  

We Once - 
Ue 

q tends toward zero as does y and t h a t  t h e  las t  parameter 

The deficiency d i f f e r e n t i a l  equation with a la rge  Reynolds number is 

f i n a l l y  : 

i n  t h e  case of a f l u i d  t r a n s f e r  speed &p/uelproportional t o  the  f r i c t i o n  

coef f ic ien t .  

It br ings  up t h e  only transformed pressure gradient parameter 

It has t h e  same form and the same conditions a t  t h e  l imi t s  as the 

Equation (111.9) f o r  t he  impermeable case, toward which i t  tends when P rends 

toward zeroo 

IV.4. Law of W a l l  F r ic t ion  
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The relat ionship f o r  t he  wall  f r i c t i o n  coeff ic ient  is  found through the  

use of the  overlapping of the  w a l l  l a w  f o r  the  var iab le  v +  and the deficiency 

l a w  found through solving Equation (IV.13) f o r  t he  var iable  v:-vt. 

I f  ( fo r  a moderate f l u i d  t ransfer )  w e  disregard t h e  var ia t ion of the  

constant in t he  wal l  law with uf 
law: 

f o r '  V +  we have simply the  impermeable wall, .P ' 

(IV. 14) 

A t  small values of rl the def ic ient  veloci ty  s a t i s f i e s  the  logarithmic 

relat ionship 

(IV.15) 

where o,, is the  same function of as i n  the impermeable ease. 

Eliminating -V/uilfrom (IV.14) and (IV.15) w e  f ind  (IV.16) 
- __ 

(IV.16) 

In  v i e w  of t he  def in i t ion  of the  transformed var iable  (IV.6) w e  can 
w r i t e :  

- __- .- - I 

(IV. 17) 

__. 

a re lat ionship which gives t h e  f r i c t i o n  coef f ic ien t  I, = (cf/z) 
of the  rate of t r ans fe r  w / u  I and the Reynolds number f o r  thickness 6; the -E._. -_e 

as a function - .  

. 
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e f f e c t s  of ‘j are taken i n t o  account by the constant 0, which var ies  with s i n  

the  deficiency solut ion.  

It is  less urgent here  than i n  t h e  case of an impermeable w a l l  t o  bring 

i n  the Reynolds number f o r  displacement thickness. However, w e  f ind  tha t  using 

t h e  simple def in i t ions  of the  parameters w e  can give the  f r i c t i o n  l a w  a 

i d e n t i c a l  t o  t h a t  f o r  t h e  impermeable case u t i l i z i n g  transformed quan t i t i e s  

f o r  the f r i c t i o n  coef f ic ien t  and displacement thickness. 

form 

Supposing then tha t :  

t he  f r i c t i o n  l a w  assumes the  same form as Equation (111.6) f o r  t h e  impermeable 

w a l l ,  t h a t  is t o  say: 

(IV. 18) 

with 

- /36 IV.5 Results - Comparison With Experiment 

IV.5.1. Velocity P ro f i l e s  

Since the  deficiency equation and i ts  conditions a t  the limits are iden- 

t i c d l  t o  those of an impermeable w a l l ,  t he  r e s u l t s  es tabl ished i n  Chapter I11 

, are usable i n  t h e  case of a f l u i d  t ransfer .  

5 give the  p ro f i l e s  of transformed veloci ty  from which those of physical  

ve loc i ty  can be deduced. 

Table IC and the curves in Figure 

I Notice again t h a t  t he  curves of Figure 6 give  only 
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P f  "' f o r  t h e  

' boundary l aye r  

transformed var iable;  they are linked t o  f r i c t i o n  in the 

by the  formula: 

The experimental r e s u l t s  t o  which w e  may compare the solut ion are essen- 

t i a l l y  only ava i lab le  f o r  t h e  case of a f l a t  p la te .  

so lu t ion  they should be  regrouped along the  ve loc i ty  law f o r  an impermeable 
v -v f l a t  p l a t e  when they are shown by t h e  var iab le  e This is i n  f a c t  t h e  
% 

conclusion t h a t  d i f f e ren t  s tud ie s  of m a s s  i n j e c t i o n  l e d  to ,  pa r t i cu la r ly  the 

study by Stevenson [12]. 

To agree with our 

Thus, Figure 13 shows t h e  regrouping of Mickley and D a v i s * s  experimental 

da ta  1131 by Stevenson using the transformed var iab le  of our treatment. 

theo re t i ca l  deficiency p r o f i l e  f o r  a f l a t  p l a t e  w a s  p lo t ted ,  and its agreement 

with experimental da ta  is completely comparable t o  t h a t  already seen i n  the 

case of an impermeable w a l l .  

Our 

Unfortunately, there  are no experimental r e s u l t s  w i t h  which w e  can c o w  

pare the so lu t ion  i n  the presence of pressure gradients.  

t o  note  t h a t  i n  a physical veloci ty  p r o f i l e  a ve loc i ty  vP gives rise t o  an 
e f fec t  comparable t o  t h a t  of pos i t i ve  pressure gradients ,  while suc t ion  gives 

rise t o  an e f f e c t  comparable to that of negative pressure gradients. 

W e  m u s t  b e  content 

IV.5.2. Wall Fviction 

The formulas i n  paragraph IV.4 (and t h e  constants i n  Table 11) allow us 

t o  compute the  f r i c t i o n  coef f ic ien t  as a function of t h e  Reynolds number, the 

w a l l  veloci ty  and the  pressure gradient parameter. Figure 14 shows an example 

of a f l a t  p l a t e  where t h e  f r i c t i o n  coef f ic ien t  is p lo t ted  as a function of t h e  

Reynolds number f o r  displacement thickness, t h e  h a t t e r  f o r  d i f f e ren t  p o s i t i v e  

and negative values  of the t r ans fe r  rate, 

+ 

L 
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Also i n  the case of a f l a t  p l a t e  

n 0 05 
U 

I 1 i t  w a s  possible  t o  make a comparison 

between the  present so lu t ion  and ex- 

(j perimental data.  It is useful  i n  

showing the  r e s u l t s  t o  use the friction 

. .  

i den t i ca l  t o  that f o r  an impermeable 

coef f ic ien t  and transformed' Reynolds 

number which lead  to  a formula (IV.18) 

2 

4 

6 
- _. . ____- 

w a l l .  

15  come from experimentation by Mickley 

The r e s u l t s  p lo t ted  i n  Figure 

and Davis 1131 f o r  blowing, and by - /37 
Favre, D u m a s ,  Verollet  and Coantic 

f o r  suct ion (some of the r e s u l t s  given 
I141 

by these authors f o r  higher suct ion rates 

could not b e  used as they exceeded the 
Figure 13. Law of def ic ien t  veloci ty  l i m i t  .P= - 1 indicated above) 

with in j ec t ion  (Flat  p la te )  - i 

We see t h a t  the experimental 

f r i c t i o n  coef f ic ien ts  can b e  very 

reasonably regrouped with these transformed var iab les  around the law of f r i c t i o n  

f o r  an impermeable f l a t  p la te ,  

.. . , 
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.Figure 14. Wall friction coefficient with fluid transfer. 
(Flat 'plate) b - ' 
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Figure 15. 'Wall friction coefficient with fluid 
transfer. Comparison with experimental results 



V. BOUNDARY LAYER I N  A COMPRESSIBLE FLUID 

V. 1. Introduction. Preliminary Observations 

The f i r s t  d i f f i c u l t y  encountered in  extension t o  t h e  compressible case 

is t h a t  the equilibrium boundary layers  are no longer revealed so d i s t i n c t l y  

by experiment a t  ion 

/38 
It should be  emphasized t h a t  t he  technique by which w e  propose t o  seek - 

t h e  var iables  which give a logarithmic form i n  t he  turbulent  region of the 

w a l l  is e s sen t i a l ly  the  de f in i t i on  of the  deficiency var iables  f o r  which the 

equilibrium hypothesis w i l l  later be made i n  the  development of the  ex te r io r  

equations e 

For the ve loc i t i e s ,  we s h a l l  f i nd  t h a t  t he  change of var iab le  t o  w h i c h  

we  are led  is t h e  same as that which w e  used previously 1151 i n  analyzing the 

experimental results concerning a f l a t  sheet  boundary layer .  

simple expression f o r  f r i c t i o n  by mixing length,  the transformed variable f o r  

Based on t h e  

ve loc i ty  1141 is introduced: 

, 

This var iab le  allowed us t o  regroup the majority of compressible r e s u l t s  

appreciably over the  w a l l  l a w  and deficiency l a w  f o r  incompressible f l u i d s ,  

the former up through high hypersonic Mach numbers. 

t h a t  we had t o  s e l e c t  1151 t he  reference a t  the  w a l l  in order  t o  obtain the  

b e s t  re turn to t h e  incompressible caseo The study of t he  i n t e r i o r  boundary 

l aye r  through t h e  following treatment confirms i t  rigorously by showing t h a t  

t h i s  s e l ec t ion  is t h e  one which allows us t o  be sure  t h a t  the var iab le  i n  t h e  

w a l l  l a w  w i l l  have a universal  l imi t ing  condition , (  dvf/dj  * 1 +fof!~~*-~-O),-and - -- 

consequently t o  f ind  a universal w a l l  law. 

It should be noted here  

. 

, 
- T - - $  

- _- -. 

I- -.-._ 1- ___- - - - - 
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V.2. I n t e r i o r  Region - Wall Laws 
(General Compressible Case) 

V.2.l. Wall Equations With Physical Variables 

It is again obvious t h a t  the  e f f e c t s  of f l u i d  compressibility do not 

is not es tab l i shed  i n  any event f o r  enthalpy. 

cerning mixing length and the  cor rec t ive  function f o r  t he  viscous sub-layer 

which w i l l  l e t  us determine the  r e s u l t s  from the  na tu ra l  l imi t ing  conditions: 

Those are the hypotheses con- 

4 ,  . 
I 1  

It is again obvious t h a t  the  e f f e c t s  of f l u i d  compressibility do not 

allow us t o  m a k e  fu r the r  use of t he  universal  l a w  u * (\d) + and tha t  t he  w a l l  law 
is not es tab l i shed  i n  any event f o r  enthalpy. 

cerning mixing length and the  cor rec t ive  function f o r  t he  viscous sub-layer 

which w i l l  l e t  us determine the  r e s u l t s  from the  na tu ra l  l imi t ing  conditions: 

Those are the hypotheses con- 

4 ,  . 
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I 1  

The study w i l l  involve dealing separately w i t h  t h e  i n t e r i o r  and ex te r io r  

regions as is now t o  b e  done f o r  veloci ty  and enthalpy. 

ve loc i ty  laws w i l l  l ead  t o  f r i c t i o n  and the  overlapping of t h e  enthalpy laws 

will lead t o  heat  f l u x  at t h e  w a l l .  

The overlapping of t he  

For the  i n t e r i o r  region, the  s impl i f ica t ion  made i n  the  equations through 

t h e  " w a l l  condition'' w i l l  allow us t o  f ind  the r e s u l t s  for t h e  general  case of 

a compressible f l u i d  with any given Mach number. 

For the  ex te r io r  region, t he  complete equations f o r  momentum and energy 

give rise t o  a complexity of development which has not y e t  allowed us t o  esta- 

b l i s h  a so lu t ion  f o r  t he  general compressible case. 

i n  the present research t o  presenting the  so lu t ions  and the  results f o r  t h e  

case of low ve loc i t ies .  

l i m i t e d  t o  f l u i d s  with constant physical  p roper t ies  and tha t  they w i l l  hold 

We s h a l l  confine ourselves 

We should emphasize, however, t h a t  they w i l l  not b e  

f o r  a boundary layer  i n  which temperature may vary and cause s ign i f i can t  hea t  I 

f luxes.  

derived only from the f a c t  t h a t  stagnant enthalpy and s t a t i c  enthalpy are 
comparable 

The s impl i f ica t ion  produced by t h e  assumption of a low veloci ty  is 

V.2. I n t e r i o r  Region - Wall Laws 
(General Compressible Case) 

V.2.l. Wall Equations With Physical Variables 



We s h a l l  use t he  w a l l  condition, t ha t  is  t o  say, the s implif ied forms 4%. 

obtained by neglect ing the i n e r t i a  terms i n  the momentum and energy equations. 

Considering t h e  case of Reynolds numbers high enough t h a t  the pressure force  

is also negl ig ib le ,  t h e  two w a l l  conditions are writ ten: 

1 

CY.2) i 
..- .. 

I 

The w a l l  equation f o r  ve loc i t i e s  is found by wr i t i ng  'c as t h e  sum of t h e  

' viscous and turbulent  terms: 

- .  

I 

2 The turbulent  term includes the cor rec t ive  function F which depends on CE, /Ti' ._ 

because of the  universal  re la t ionship  assumed i n  the  scheme, 

dealing with the neighborhood of t he  w a l l ,  w e  again grant t ha t  / = k 2  e 

Since w e  are 
, 

"he w a l l  equation f o r  enthalpies  is found by wr i t ing  4 as the  sum of the  

laminar and turbulent  terms. Bringing apparent turbulent  v i scos i ty  and con- 

duc t iv i ty  and the turbulent  Prandt l  number $y&$/x ,  i n t o  the  latter term, 

we have : 
- __ - 

- -  

and consequently t h e  w a l l  equation is wri t ten :  
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In  what follows w e  s h a l l  assume tha t  t he  turbulent  Prandtl  number is constant. 

The two w a l l  Equations (V.4) and (V.5) are c l ea r ly  coupled and should be solved 

simultaneously. We should note i n  pa r t i cu la r  t ha t  F2 depends on 't; = p J 2  c3u 
where p and p are var iab le  and dependent on enthalpy. ?j /u Jy -.- 

-- 

V.2.2. Transformed Variables Leading t o  Logarithmic Laws. 

We must now seek the  transformed var iab les  which give t h e  w a l l  laws f o r  

ve loc i ty  and enthalpy a logarithmic form when the  viscous term is neg l ig ib l e  
2 and the  function F is equal t o  unity. 

Veloci t ies .  The f r i c t i o n  veloci ty  ur and t h e  dis tance var iab le  ; f;are 
formed with the  w a l l  conditions : - .  

so the  change of var iab le  which allows us t o  f ind  t h e  desired r e s u l t  is t h e  

one used i n  [l5]: 
- /40 

It allows u8 t o  w r i t e  t h e  w a l l  Equation ( V . 4 )  i n  t he  fonn: 



Enthalpies. In  t h e  establ ished turbulent  case, the  wall equation f o r  

enthalpies becomes: e 

an 
a logarithmic so lu t ion ,  i.e. : 

equation which the des+red change of var iab les  should reduce t o  a form with 

(taking i n t o  account the r e s u l t  already obtained f o r  veloci ty)  a 

To a r r i v e  at i t ,  w e  f i r s t  replace static enthalpy with a kind of turbulent  

, stagnant enthalpy : 
... .- 

We apply t h e  same change of compressibil i ty variable t o  it as t o  velocity:  

(V. 10) 

It is next r e l a t ed  t o  a “ f r i c t i o n  enthalpy” t/2.: t o  define t h e  wall var i ab le  
_I 

b;l* which gives the desired logarithmic form: 

60 



The complete w a l l  Equation (V .5 )  is f i n a l l y  wr i t ten :  

It is t h i s  equation which should be solved together with (V.7.) t o  determine 

the w a l l  laws f o r  enthalpy and velocity.  

bulent Prandt l  number and the  Prandt l  number , / + / A  
4 and are respect ively t h e  tur- 

- 

V.2.3. Results f o r  the  Wall Laws. 

I f  Equations ( V . 7 )  and (V.12) lead t o  the  common c l a s s i c a l  logarithmic - /41 
form i n  the  establ ished turbulent case, t h e  inf luence of and p, which occurs 

with the  viscous terms i n  in tegra t ion  from t h e  w a l l ,  is l i a b l e  a p r i o r i  t o  give 

rise to  a constant which var ies  with the  given da ta  (-hp, Me;$)  of t h e  case which 

may be considered. However, w e  may hope t h a t  t he  var ia t ion  of t h e  constant w i l l  
remain s m a l l ,  s i nce  t h e  var iab les  V' and ,  _ -  H' are subject  t o  well-determined - . 

l imi t ing  conditions: 

- f o r  l a r g e  y +  : 

This is  what w e  wanted t o  ver i fy  by es tab l i sh ing  a program of simultan- 

eous numerical so lu t ion  of Equations (V.7) and (V.12) and applying it t o  

d i f f e ren t  cases of compressibil i ty from subsonic t o  hypersonic. 

Two examples of r e s u l t s  obtained shown i n  Figures 16a and 16b correspond 

t o  two extreme cases. 

with constant physical  propertie9 of t he  "incompressible" solut ion.  

( 

The f i r s t :  (Me I= OJ;? /? = O,?) is close t o  the  conditions 

The second 
' 

10; 7p-/7f- aO,3)  corresponds t o  current  test conditions i n  a hypersonic - -  
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‘Figure 16a. Wall law in compressible fluid: velocities.’ 
- I_ i- - - __  

- - __ __ - - . - -- _- - 

Figure 16b. Wall l a w  in  compressible fluid:! enthalpies. , 



wind tunnel. R e s u l t s  f o r  transformed and physical var iables  are shown together. 

We see r igh t  away tha t  t h e  w a l l  laws f o r  physical  quan t i t i e s  u and h are 

The influence is pa r t i cu la r ly  marked i n  c lear ly  affected by compressibility. 

t he  case of enthalpies:  at  Me= 10 h passes through a maximum, as it should 

physically i n  a case where ex te r io r  enthalpy is less than t h e  w a l l  enthalpy. 

The use of transformed var iables  changes t h e  r e s u l t s  conspicuously. 

w a l l  l a w  f o r  v e l o c i t i e s  is  only s l i g h t l y  modified i n  t h e  viscous sub-layer. 

The w a l l  law f o r  enthalpies  produces a logarithmic port ion the  constant of 

which is  influenced l i t t l e  by compressibil i ty . 

The 

Overlooking these s m a l l  deviations,  w e  grant i n  t h e  following t h a t  t h e  

turbulent  w a l l  laws f o r  ve loc i ty  and enthalpy are given by the universal 
re la t ionships  : 

The complexity of t h e  development t o  which the  complete energy and momen- 

tum equations l ead  i n  compressible f lu ids  has so f a r  l imited the  treatment of 

the ex te r io r  region i n  the case of a low veloci ty .  

brought about by t h e  f a c t  t h a t  t he  stagnant enthalpies  are comparable t o  static 
The s impl i f ica t ion  is 

/ I  

We should note  t h a t  the trangfonped vari&le i s , t h e n , l i n k e d  d i r e c t l y  to 

physical enthalpy : I , ' I  

V . 0 .  Exter ior  ReRions - Deficiency Laws 
(Case of S m a l l  Velocit ies:  flee 0, 

(V .13) 

(V. 14) 



t s p t ~  (%)'j q = - ~  
# 

- The hypotheses are introduced i n t o  the  l o c a l  equations f o r  momentum 

and energy, which are wr i t t en  respect ively I 

i f  w e  assume t h a t  t h e  gas is c a l o r i f i c a l l y  perfect .  

L e t  us a lso  recall the  de f in i t i on  of transformed velocity:  

(V. 15a) 

(V. 15b) 

The technique t o  be used i n  es tab l i sh ing  the  deficiency equations is st i l l  

t h e  same9 but  i t  now involves t h e  equations f o r  momentum and energy. 

- The independent and dependent var iables  are : 

(V. 16) 

- The equilibrium hypothesis is applied f o r  t h e  two transformed var iab les  

- Fr ic t ion  and heat  t r a n s f e r  are expressed by t h e  c l a s s i c a l  mixing 

length formula, and the lat ter evolves according t o  the  universal  ----_I_ ze la t ionsh ip  - - 



To t h  re joined the cont inui ty  equation, and w e  hypoth i z e  perf t 

gas with constant s p e c i f i c  hea ts ,  due t o  which enthalpy is inversely propor- 

tional t o  density. 

Once more simplifying through the  notation: 

(V. 17) 

w e  s h a l l  here  confine ourselves t o  a discussion of t h e  order of magnitude of 

the parameters, without wr i t ing  out t h e  developments which occur as f ac to r s  of 

t h e  der ivat ives  of f and g i n  the  two equations. These parameters are: 

-Taking the case of an i n f i n i t e  Reynolds number, y and cl tend toward 

The form of the  re la t ionships  f o r  f r i c t i o n  and w a l l  heat  f l ux  showsp zero. 

on the  o ther  hand, t h a t  

t r u e  f o r  z2ve2 e 

L % and 61 v', are on t h e  order of y; the  same is 
Y v e  v i  

0- He 

- %is on t h e  order  of fl: and thus negl ig ib le  a t  low veloc i t ies .  & 
He V e  

th 5' de ~b - Final ly ,  w e  can express the  parameters v,'6 and V; pp by requir ing 

the  two equations in tegra ted  from 0 t o  1 t o  s a t i s f y  l imi t ing  conditions, par - .  

titularly at  'Z / 'C~ = $/ gP => for q ,,, 0. , W i t h  momentum and energy w e  f i nd  
respectively : 

. . ... 

_ _  
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(V. 18) 

- The only remaining parameter i s  t h a t  of the  pressure grac-ant, which 

it is in t e re s t ing  t o  introduce i n  the  transformed form: 

(V. 19) 

With t h i s  form w e  f i nd  t h a t  the  momentum equation leads  t o  a d i f f e r e n t i a l  

equation which is  t h e  same as t h e  one establ ished f o r  t h e  incompressible case: 

The energy equation leads t o  the  d i f f e r e n t i a l  equation: 

(V. 20) 

(V. 21) 

The corresponding l imi t ing  conditions are: 

V.4. Fr ic t ion  and Heat Transfer a t  the  Wall 

The re la t ionships  f o r  hea t  t r a n s f e r  and w a l l  f r i c t i o n  are found through 

t h e  use of the overlapping w a l l  l a w s ,  given i n  t h e i r  turbulent  port ions by t h e  

so lu t ion  of Equations (V.20) and (V.21). The form of t he  equations and t h e i r  

so lu t ions  show t h a t  transformed def ic ien t  ve loc i ty  and enthalpy are given at  

66. 
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low values of q by t he  logarithmic equations: 

(V. 22) 

(V. 23) 

where &),, is  the  same function of B as i n  t h e  incompressible casep s ince  t h e  

equation is the samep and where DH is a function of B which r e s u l t s  i n  t h e  

so lu t ion  of (V.21), 

Eliminating V /U and /-/ /zbr from (V. 13) and (V.22) on t h e  one hand and I 

from (V.14) and (V.23) on the o ther  hand, w e  f ind: 

. -I__ 
We then introduce transformed coef f ic ien ts  and Reynolds-nu&er: . - _I I 

(V.24) 

i n  order to w r i t e  t he  preceding equations i n  t h e  form of re la t ionships  for 

t h e  f r i c t i o n  coef f ic ien t  and the heat t r a n s f e r  coef f ic ien t :  

. .  

(V. 25) 

(Ve 26) 
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We note  t h a t  the f r i c t i o n  l a w  i n  t h i s  form is the  same as t h a t  w e  found 

i n  the  incompressible case. 

ment thickness and Reynolds number: 

The same is  true when using cransformed displace- 

and the  f r i c t i o n  l a w  is then wr i t ten :  

(V.27) 

Final ly ,  w e  define the  analogy f ac to r  as the  r a t i o  of the transformed 

coef f ic ien ts  and express i t  by the  formula: 

with 

The va r i a t ion  of  D, with B” w i l l  show t h e  inf luence of pressure, gradients  on 

the  analogy fac tor .  
.__ 

V.5. Presentation of Results - 1‘46 

Since the  deficiency Equation (V.20) f o r  ve loc i t i e s  is i d e n t i c a l  t o  t h a t  

f o r  t he  incompressible case, t h e  r e s u l t s  of Chapter 111 are d i r ec t ly  applicable.  

Table 1 and Figure 5 give t h e  p r o f i l e s  for transformed def ic ien t  ve loc i ty  f o r  

. I d i f f e ren t  values of t h e  transformed parameter 8. The f r i c t i o n  d i s t r ibu t ions  

i n  Figure 6 are likewise appl icable  t o  the comgressible.case. 
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The p r o f i l e s  f o r  the  enthalpy 

var iab le  g’ were also found by solving 

Equation (V. 21) by a numerical program 

comparable t o  t h a t  used f o r  ve loc i t ies .  

The numerical values of t h e  transformed 

de f i c i en t  enthalpy are also shown i n  

T a b l e  I. 

Figures 17a and In>. 
ar i thmic scale f o r  Q’, w e  f ind  t h a t  t h e  

curves are l i n e a r  f o r  low values of Q 

with a slope of l / k .  

The p ro f i l e s  are p lo t ted  i n  

By using a log- 

‘f% ’ ’ dist r ibu-  ‘ ‘I 

T .  Heat f lux  

t ions  are shown i n  Figure 18 f o r  

d i f f e ren t  values of t he  pressure grad- 

i e n t  parameter. 

out  t h a t  a s ingu la r i ty  occurs with 

It should b e  pointed 

- reference t o  enthalpy at t h e  lower 
- -  

Figure 17a. Deficient enthalpies.  ‘ l imi t ing  value /3 = -0,M mentioned in 

Chapter 111.. For this l i m i t ,  we  have: 

. -  

The so lu t ion  f o r  Equation (V.21) is cj‘;oo,in t h e  e n t i r e  boundary l aye r  except 

when 

W e  emphasize t h a t  transformed enthalpy H, howevero i s  not  i n f i n i t e  b u t  zero 

over t he  e n t i r e  boundary l aye r  ( h =,constantL hp> except when q = 1 where it 

re jo ins  Hp e 

1 where 9 ’ = O Q  From t h a t  ., it should be  concluded tha t  Hz. is zero. 

- -  

It is i n t e r e s t i n g  t o  analyze tbe preceding f e s u l t s  by examining t h e  

evolution curves of enthalpy as function of velocity.  

given in  Figure 19 f o r  the more eas i ly  in t e rp re t ed  physical  values,  B/He and 

V/V,$ which are linked t o  f * and g ”  by the relat ionships:  

Some such curves are 
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Thus, they depend through y and Q on the Reynolds number. 

presented, we chose a high value ,( 3, ~ 5 0 0 0 0 ) .  

For the example 

In the case of a flat plate ( BO) the relationship is linear. The figure . 
-2 

9’ u 
IO 

20 

30 

3 0  

5 0  

60 

i 

Figure 17b. Deficient enthalpies (logarithmic scale for 
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shows tha t  t he  pressure gradients have a considerable influence on t h e  

en t h  alpy-velo c i t y  re1 at i onsh i p  . 
We can see tha t  $ is t h e  product of ( hp / h e ) %  and a term more espec ia l ly  

characteristic of t h e  pressure gradient. Decreasing h makes t h e  absolute 

value of 

t he  e f f e c t  of t h e  pressure gradients is less, the  colder the  w a l l  is. 

r e s u l t s  are likened t o  those f o r  a laminar boundary l aye r  set up i n  pa r t i cu la r  

by similar solut ions by Cohen and Reshotko 1161. 

P 
decrease and brings t h e  curves c loser  t o  that  of the f l a t  p la te :  

These 

Final ly ,  Figure 20 shows the  var ia t ion  i n  t h e  analogy f ac to r  Z with 

f o r  d i f f e ren t  values of the  Reynolds number. Formula (V.28) shows that x> 
depends on t h e  Reynolds number through C7.g and thus varies slowly w i t h  5 s .  
depends on t he  pressure gradient through t h e  constant 'D&', and on t h e  o ther  

hand varies considerably with E. 

It 

For a f l a t  p l a t e  0,. is q u i t e  s m a l l  i n  order t h a t  the analogy f ac to r  w i l l  ! 

not d i f f e r  much from E E 114; The negative pressure gradients  cause a decrease 

i n  the  analogy f ac to rg  -,Z becoming zero a t  t he  lower l i m i t  /3' = -044 
pos i t i ve  pressure gradients  cause an increase i n  -5 which becomes i n f i n i t e  at 

separat ion,  where f r i c t i o n  i s  zero when hea t  f l u x  is not.  It is l ikewise clear, 
i n  v i e w  of the de f in i t i on  of 8 , tha t  t h e  e f f e c t  of t h e  pressure gradients on 

t h e  andogy f a c t o r  is fess,the colder t h e  w a l l .  

The 

i 
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V I .  FINAL OBSERV TIONS AND CONCLUSION - I49 

The c r i t i c i s m  t h a t  can b e  made of t he  proposed treatment is  t h a t  the 

separation i n t o  ex te r io r  and i n t e r i o r  regions assumes tha t  t he  establ ished 

turbulent conditions are i n  f a c t  a t ta ined  when the  overlapping of t he  w a l l  l a w  

and the  deficiency l a w  comes i n t o  play. 

where t h i s  condition i s  not  s a t i s f i e d  and where the  p r inc ip l e  of separat ion 

i n t o  two regions is  not applicable,  

as the hypothesis f o r  the  viscous sublayer correct ive function allows us t o  

make some in t e re s t ing  observations on what might be the  behavior i n  such cases 

of turbulent  f r i c t i o n .  

In  f a c t ,  w e  can f ind  important cases 

It is in t e re s t ing  t o  &,ell on t h i s  point 

In  Paragraph II,1.3 w e  saw t ha t  t he  r a t i o  of turbulent  f r i c t i o n  t o  laminar 

f r i c t i o n  can be re la ted  t o  t o t a l  f r i c t i o n  and mixing length through t h e  

formula: 
__ 

The formula shows that '  Z, / re  is zero a t  t he  w a l l  ( 1 ~ 0 )  as is normal, 

but i t  is important t o  note  t h a t  Z, / Z, can a l so  become zero at  a dis tance 

from the  w a l l .  i f  t o t a l  f r i c t i o n  i t s e l f  tends toward zero. 

This is what w a s  found when calculat ing the  i n t e r i o r  region with s t rong 

suct ion when the  w a l l  condition w a s  T = rp +p pP u with a negative *' , causing 

t o t a l  f r i c t i o n  t o  decrease and tend toward zero. 

obtained f o r  Tt/?e by solving the w a l l  Equation (IV.3) f o r  d i f f e ren t  values 

of t he  f l u i d  t r a n s f e r  rate, 

Tt / re  reaches q u i t e  high values,  so tha t  t h e  establ ished turbulent conditions 

may be regarded as ac tua l ly  a t ta ined ,  

t h e  o ther  hand, turbulent  f r i c t i o n  reaches only ,much lower values. I n  the  

case of s t rong suct ion,  w e  are faced, w i th ,  a ,  v e r i t a b l e  faminarization of the  

e n t i r e  i n t e r i o r  region. 

Figure 21 shows t h e  r e s u l t s  

W e  see t h a t  for moderate blowing o r  suc t ion ,  

) At. ve loc i t i e s  vPr lower than -Q,Q7,on 

- /50  
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Figure 20. Analogy factor as a function of is. 

I I 

Figure 21. Wall law with f l u i d  transfer. Turbulent friction 
i n  the interior region. 



Because it i s  l inked t o  the  rapid decrease i n  t o t a l  f r i c t i o n ,  t he  phen- 

omenon should l ikewise be produced by s t rong negative pressure gradients ,  i f  

the  Reynolds number is not  too high. 

Aside from these spec ia l  cases, f o r  which the  proposed scheme appears i n  

need of fu r the r  c l a r i f i c a t i o n ,  w e  can conclude t h a t  t h e  improved hypotheses of 

t he  mixing length concept have allowed us t o  end up with some coherent r e s u l t s  

f o r  a whole range of turbulent  boundary l aye r  problems. 

Their appl icat ion t o  equilibrium boundary layers  was in t e re s t ing  i n  t h a t  

it showed i n  a systematic,manner the  e f f e c t s  of  the  pr inc ipa l  f ac to r s  which 

may come i n t o  play i n  the  problems, 

We should emphasize t h a t  i t  allowed us t o  f ind  r e s u l t s  h i t h e r t o  not avail- 

ab le  on boundary layers  with f l u i d  t r a n s f e r  a t  t h e  w a l l  i n  the  presence of 

pressure gradients  

I n  a compressible f l u i d ,  much work st i l l  remains t o  be done t o  give 

r e s u l t s  f o r  t he  general  case f o r  qny,Mach number. 

t h a t  t he  conclusions w i l l  be  fundamentally d i f f e ren t  from those shown by the  

present research a t  low speeds e 

I t , i s  unl ikely,  however, 

We should, hencefgrth, i n s i s t  on the  f a c t  t h a t  t he  e f f e c t s  of pressure 

gradients  are at least as important i n  t h e  thermal boundary layer  as i n  t h e  

dynamic boundary layer.  

The results establ ished f o r  t h e  enthalpy-velocigy re la t ionship  -_ - - .. and t h e  

analogy f a c t o r  are al togethe? comparable to , $ h ~ s e ,  of similari so lu t ions  for 
laminar boundary layers  

Manuscript submitted November 21, 1969. 
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2.93 
2 - 7 7  
2.62 
2.46 
2 - 3 2  
2 -  17 
2- 0 3  
1 a, 89 
1.75 
1.61 
1.48 
1.34 
1.20 
1.06 
0.92 
0.78 
0.64 
0.51 
0.38 
0.26 
0.15 
0.06 
0.01 
0‘. 0 

030 

f’ I 4’ 
co 

3 2 - 6 5  
30.60 

28.76 
29.64 

28.03 
27.40 
26.83 
26.31 

25 . 34 
2 5 e b l  

2 4 - 8 9  
24.45 
2 4 - 0 2  
23. 59 
23. 17 
2 2 - 7 5  
22.33 
21-90  
21 -47  
21.03 
2 0 - 5 9  
20- 14 
19-67 
19.20 
18 a 7 0  
lbe  19 
17-66 

16. 52 
15.91 
15.25 
14 a 56 
13.61 
13.01 
12. 14 
11-21 
10.20 
9.11 
7.94 
6.70 
5.40 
4.08 

17.11 

2.78 
1.59 
0.62 
0.06 
0.0 

co 
11.62 

9.86 
8.79 
8.01 
7.40 
6 - 8 8  
6.43 
6.03 
5.67 
5.35 
5.05 
4.77 
4 - 5 1  
4.27 
4.04 
3.83 
3.63 
3.44 
3.25 
3.08 
2.91 
2 - 7 6  
2.60 
2.46 
2-32  
2 - 1 0  
2.05 
1.93 
1 - 8 0  
1.68 
1.56 
1.45 
1 - 3 3  
1 - 2 1  
1 - 1 0  
0.98 
0.87 
0.75 
0 -  64 
0.52 
0.41 
0.31 
0 - 2 1  
0.12 
0.05 
0.01 
0 .o 

080 

co 
36.32 
34.45 
33. 27 
32038 
31.64 
300 98 
30.40 
29.85 
29.33 
2 8 .  84 
28.36 
27.89 
27.  43 
26.97 

26-06  
26. 52  

25.60 
25.14 
24.67 
24. 18 
23.69 
23.19 
22.67 
22.14 
21-59 
21.01 
20.41 
19.78 
19. 12 
16-41  
17.67 
16.87 
16.02 
15. 0 9  
14. 10 
13.02 

10.59 
11.85 

9. 24  
7 - 8 0  
6.29 
4.75 
3.24  
1.85 
0.73 
0.07 
0.0 

Q) 

10. 86 
9.11 
8-07  
7.30 
6. 70  
6.20 
5-16  
5.38 
5.04 
4.74 
4.45 
4.19 
3.93 
3.73 
3. 52 
3.33 
3.14 
2-97  
2.80 
2 - 6 5  
2.50 
2.36 
2.22 
2 - 1 0  
1.97 
1.86 
1.74 
1.63 
1.52 
1-42  
1.32 
1.22 
1.12 
1.02 
0.92 
0.82 
0.73 
0 - 6 3  
0.53 
09 44 
0.34 
0.25 
0.17 
0.10 
0.04 
0.00 
0.0 

(0 

39.91 
38.02 
36.83 
35.92 
35.16 
34.49 
33.88 
33-31 
32.77 
32.25 
31.74 
3 1 - 2 5  
30.75 
30.27 
29.78 
29.28 
26.79 
28-28 
27.77 

26.70 
26.15 

27.24 

25.58 
24.99 
24.37 

23.07 
2 3 - 7 3  

22.36 
21.62 
20.84 
20 * 00 
19.10 
18-14  
17.10 
15.98 
14.16 
13.44 

10-49 
8 - 6 5  
7.15 
5.40 
3 -  69 
2.11 
0.83 
0.oti 
0.0 

12.02 

(D 

13-25 
8 - 5 1  
7 - 4 8  
6.73 
6.15 
5 - 6 6  
5.24 
4 - 8 6  
4.55 
4 026 
4.@0 
3.15 
3.53 
3- 32 
3.13 
2-  95 
2 - 7 6  
2 - 6 2  
2 - 4 7  
2 -  33 
2.20 
2 -07 
1 - 9 5  
1.83 
1.72 
1 - 6 2  

l a 4 2  
1.52 

1-33 
1.23 
1.14 
1-06 
0.97 
0.8d 
0.80 
0.71 
0.63 
0 - 5 4  
0 - 4 6  
0.38 
0 - 3 0  
0.22 
0.15  
0.09 
0.03 
0.00 
0 - 0  

ax80 

a3 

43.93 
4 2 - 0 3  
400  82 
39,811 
39.10 
38.40 
37.77 
37* 17 
3 6 - 4 0  
36.05 
35.52 
34,99 
34.46 
33.93 
33.41 
3 2 - 8 7  
32.33 

31-22  

3 U .  0 5  
29-44  

31.78 

30.64 

28e81 
28e15 
27.47 
26.76 

25.23 
24-40  
23.52 
22.58 
21.58 
20.50 
19.33 
18007 
16.69 
15.21 

26.01 

13.60 
11.87 
10.02 

8.09 
6 - 1 2  
4.17 
2 - 3 9  

* 0.94 
0.09 
0.0 

co 
9.66 
7 -  94 
6.93 
6.20 
5.63 
5.  16 
4-76  
4.42 
4.11 
3 * b 3  
3.59 
3.36 
3- 15 
2.96 
2.78 
2.62 
2.46 

2- 18 

1.93 

2- 32 

2.05 

1.82 
1.71 
1.61 
1- 51 
1-42  
1.33 
1-24  
1.16 
1.0e 
I .  00 
0.92 
0.84 
0.77 

0.62 
0.69 

0.35 
0. 47 
0.40 
0.33 
0.26 
0-  19 
0 -  13 
0.07 
0.03 
0 - 0 0  
0.0 
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0.9 0 3.0 0 

Q) 

47.93 
46.01 
44.77 
43.82 
43-01 
42-29 
41.63 
41.00 
40-40 
39.82 
39.25 
38-69 
38.13 

36.99 
36-42 
35.83 
35-23 
34 e 62 
33.99 
33- 35 
32068 
31.99 

30.52 

37.56 

31.27 

29-74 
28.92 
28.05 
27-24 
26.16 
25.12 
24.01 
22.81 
21-52 
20.11 
18.59 
16.94 
15-15 
13.22 
11.17 

9-02 
6- 82 
4065 
2-66 
1-04 
0.10 
0.0 

(0 

9.15 
7-46 
6.46 
5.75 
5.20 
4.75 
4.37 
4.04 
3.75 
3-49 
3-25 
3.04 
2.85 
2.67 
2.50 
2.35 
2.21 
2.08 
1.95 
1.84 
1-73 
1.63 
1-53 
1.44 
1-35 
1-26 
1.18 
1.10 
1.03 
0.96 
01 89 
0.82 
0.75 
0.68 
0.62 
0.55 
0.48 
0.42 
0.35 
0.29 
0.23 
0.17 
0.11 
0.07 
0.03 
0.00 
0-0  

Q) 

,51993 
49.98 
48.73 
47.74 
4'6.91 
46.16 
45.47 
44 . 82 
44.19 
43.58 
42 * 98 
42.38 
41.78 
41.17 
40.56 
39 . 94 
39.31 
38.67 
38.01 
37.33 
36.63 
35.90 
35.15 
34.37 
33.55 
32.70 
31.80 
30.85 
29- 85 
28-78 
27.65 
26- 42 
25.11 
23.69 
22,15 
20.47 
18.65 
16.68 
14.56 
12.30 
9.94 
70 51 
5.13 
2-93 
1.15 
0.11 
000 

t5 0 

a3 
8- 71 
7.03 
6-06 
5-37 
4. 83 
4.40 
4. 03 
3. 72 
3. 44 
3.20 
2.98 
2- 78 
2.60 
2.43 
2.28 
2.14 
2.01 
1.88 
1.77 
1.66 
1-56 
1- 4'1 
1-38 
1.30 
1.22 
1.14 
1.07 
1.00 
0.93 
0 .  86 
0.80 
0. 74 
0-67 
0 .  61 
0.55 
0.49 
0 0  43 
0.38 
0.32 
0.26 
0. 20 
0-  15 
0.10 
0.06 
0.02 
0.00 
0.0 

Q) 

72.72 
70.63 
69.22 
68.10 
67.11 
66.21 
65.36 
64.54 
63-73 
62 94 
62.15 
61 36 
60-55 
59.74 
58.91' 
58.06 
57.19 
56.29 
55.37 
54.41 
53.43 
52.40 
51.33 
50.21 
49- 04 
47 82 
46.53 
45.16 
43.71 
420  17 
40.52 
38.74 
36.63 
34 a 76 
32.51 
30 06 
27.40 
24-31 
21 e41 
18.09 
14-61 
11.05 
7.35 
4-32 
1.70 
0.16 
0 - 0  

Q) 

7-01 
5.45 
4.57 
3.98 
3.53 
3-17 
2-88 

2-42 
2-63 

2.23 
2.06 
1-92 
1.78 
1.66 
l a 5 5  
1-45 
1.36 
1.27 
1-19 
1.12 
1.05 
0.98 
0.92 
0.86 
0.81 
0.76 
0.71 
0.66 
0.62 
0.57 
00'53 
0.49 

0.41 
0.45 

0.37 
0-33 
0.29 

0.21 
0.17 
0 - 1 3  
0.10 
0.07 
0.04 
0.02 
0.00 
0. @ 

0.25 

2.00 I 

01) 

94.37 
92.09 
90.51 
89.20 
88.04 
86. 95 
85.92 
84.91 
83.91 
62.92 
81. 92 
80.91 
79.89 
78-85 
77.78 
76- 69 
75, 56 
74.40 
73.20 
71.95 

69.32 
67-92 

70.66 

66.46 
64-92 
63. 31 

59.82 

55.87 

51.35 
48.82 
46.07 
43.10 
39- 86 
36.33 
32. til 
28.40 
24.00 
19.39 
14-67 
10.02 
5.73 
2-25 
0.21 
0.0 

61-61 

57-91 

53.69 

Q) 

5.84 
4- 41 
3.64 
3.12 
2. 74 
2 .'45 
2.21 
2.01 
1.84 
1.69 
1.56 
1-45 
1-35 
1.25 
1- 17 
1.09 
1.02 
0.95 
0.89 
0.84 

0.73 
0.69 

0.60 

0.53 
0.49 
0.46 
0.42 

0.36 

0. 78 

0.64 

0.56 

0.39 

0.33 
0.30 
0-27 
0. 24 
0.21 
0.18 
0.15 
0.13 
8.10 
0.07 
0.05 
0.03 
0.01 
0.00 
0.0 

a8 
113.02 
110.56 
108.81 
107-33 

104.75 
106-00 

103.54 
102 36 
101.19 
100.02 
98.84 
97- 65 
96-43 
95- 19 
93-92 
92-61 
91.26 
89.87 
88.43 
86.94 
85.39 
83.77 
82 09 
80.33 
78.48 
76. 54 
74.49 
72 32 
70.02 
67.56 
64-93 
62010 
59.04 
55.73 
52.13 
48.21 
43.95 
39.33 
34.35 
29.04 
23.46 
17.75 
12.12 
6.94 
2.72 
0.26 
0.0 

co 
5.10 
3-78 
3 .C8  
2.63 
2-30 
2-05 
1.84 
1-67 
1.53 
2-40 
1.29 
1.20 
1.11 
1.03 
0.96 
0.90 
0.84 
0.76 
0.73 
0169 
0.64 
0060 
0.56 
0.53 
0.49 
0-46 
0.43 
0.40 
0.38 
0-35 
Ow32 
0.30 
0.27 
0.25 
0.22 
0.20 
0.17 
0.15 
0.13 
0.10 
0.0E 
0.06 
0.04 
0.02 
0.01 
0.BO 
0.0 

- .  

2.99 

I 

Q) 

138-17 
135.44 
133,43 
131.72 

128.67 
127.23 
125-81 
124,40 
122.99 
121.56 
120.11 
118,63 
117.12 
115.57 
113.97 
112.33 
110.62 
108.86 

10% 13 
103.15 
101.oe 
98.92 
96- 65 
94- 27 
91-75 

130-15 

107.03 

89.08 
86.25 
83-23 
79-99 
76.50 
72.74 
68.66 
64-23 
59.41 
54. L6 
48.47 

.42,34 
35.79 
28.91 
21.87 
14.94 
8.55 
3-36 
0.32 
0.0 

co 
4.35 
3-16 
2.55 
2.16 
1 - 8 9  
1.67 
1.50 
1-36 
1-24 
1-14 
1.05 
0.97 
0.90 
0.84 
0.78 
0.73 
0.68 
0.63 
0.59 
0. s5 
0.52 
0.49 
0.46 
0.43 
0.40 
0.37 
0.35 
0.32 
0.30 
0.28 
0-26 
0.24 
0. 22 
0.20 
0.18 
0-  16 
0.14 
0.12 
0.10 
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0.07 
0.05 
0.03 
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0.00 
0.0 
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Om0 
0.0010 
0.0022 
0.0035 
0,0049 
0.0064 
0.0082 
0.0100 
0.0121 
0-0145 
0.0170 
0.0196 
0.0230 
0.0264 

0,0344 

0.0442 
0.0499 

0.0630 

0.0302 

0,0391 

0.0561 

0.0707 
Do0791 
De0884 
De0987 
D o l l 0 1  
De 1227 
3.1366 
3,1519 
D- 1688 
3,1875 
3.2082 
1,2310 
3.2562 
1.2841 
3.3149 
303488 
303864 
3 e  4279 
3.4737 
9-5243 
3.5802 
3.6419 
De7101 
De7054 
0.8687 
D-960b 
1 .oooo - 

4.00 
I 

f’ I sr’ 
a 

182.78 
179,52 
177.04 
174.87 
172.87 
170.96 
169.10 
167.26 

163.57 
161-69 
159.79 
157.84 
155.85 
153.80 

165.42 

151.69 
149.51 
147.26 
144.92 
142.50 
139.97 
137-35 
134-60 
131.73 
128.71. 
125.54 
122.20 
118 065 
114. 88 
110.86 
106.55 

96.90 
91-47 
8 5 - 5 7  
79.15 
92.16 
64.58 

101.91 

5 6 - 4 1  
47.69 
36-53 
29-15 
19.91 
1 1 0 4 0  

4.47 
0.42 
0.0 

io 

2,44 
38 44 

1.95 
1 - 6 4  
1.43 
1.26 
1.13 
1.02 
0.93 
0.85 
0.79 

0.67 

0.58 
0.54 
0.51 
0.47 
0. 44 
0.41 

0.36 

0-73  

0.62 

0.39 

0.34 
0.32 
0.30 
0.28 
0.26 
0.24 
0.23 
0.21 
0.19 
0918 
0.16 
01.1 5 
0 - 1 3  
0.12 
0. LO 
0.09 
0.08 
0.06 
0.05 
0.04 
0.02 
0.09 
0.01 
0.00 
0.0 

f’ I 9’ 
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io 
227.63 
223.80 
220.8 1 
218.18 
215.73 
213.38 
211.09 
208.81 
206. 54 
204.24 
201.92 
199.S5 
1970 13 
194.65 
192.10 * 

189.47 
186.76 
183.95 

178.02 
174. e7 

181.04 

1 7 1 - 6 0  
168.17 
164.59 

156.87 
160.82 

152.69 
148.26 
143.55 
138.53 
133-  15 
127.35 
121.10 
114.31 
106.94 

90.91 
90.18 
80.71 
7 0 0  50 
59.60 

3 6 - 4 3  
24.89 
14.25 

5-  5 9  
0.53 
0.0 

48. 15 

Q3 

2.83 
1.98 
1 - 5 7  
10  32 
1.15 
1 - 0 1  
0.91 
0 0  82 
0.75 
0.68 
0.63 
0.58 
0.54 
0. 50 
0.46 
0.43 
0.40 
0 0  38 
0.35 
0.33 

0.29 
0.27 
0.25 
0.24 
0.22 
0.21 
0.19 
0.18 
0.17 
0.15 
0.14 
0.13 
0.12 
0.11 
0.09 
0.08 
0.07 
0.06 
0.05 
0.04 
0.03 
0.02 
0.01 
0.00 
0.00 
0.0 

0.31 

W O  I ~ 689 I 7.09 

io 

272.54 

264 -60  
26e. i o  

261.49 
258.59 
255.80 
253.07 
250 36 
247.64 
244 . 90 
242.12 
239.29 
236.40 
233.43 
230.38 
227.24 
223.99 
220.62 
217-14 
213- 51 
209.75 
205.82 
201 0 7 1  
197.42 
192.91 
188.16 
183.15 
177.84 
172.20 
166.17 
159’. 72 
152.77 
145.26 
137- 1 3  
128.28 
118.66 
108.19 

96.83 
84.57 
71 50 
57 . 7 9  
43.71 
29.86. 
17.09 
68 71 
0.64 
0.0 

(0 

1.83 
1 - 2 6  
0.99 
0.83 
0.72 
0.63 
Oe57 
0151 
0.47 
0 - 4 3  
0.39 
0.36 

0.31 
0.29 
0.27 

0-  33 

0 - 2 5  
0 - 2 3  
0.22 
0.21 
0 - 1 9  
0.18 
0 - 1 7  
0.16 
0.15 
0 - 1 4  
0.13 
0.12 
0.11 
0.10 
0.10 
0-09 
0 - 0 8  
0.07 
0.07 

0.05 

0.04 
0.03 
0.02 
0.02 
0-01 
0.01 
09 00 
0.00 
0.0 

0-06 

0- 04 

10.00 

00 
452.79 
445-  82 
440.18 
435.12 
430.37 
425.78 
421.28 
4160 81 
412.32 
407.76 
403.16 
398.49 

388.77 
383.70 
378.47 
373.07 

361.68 
355.66 
349.39 
342.85 
336-03 
328.87 
321.37 
31 3.46 

393- 69 

367-48 

305.12 
296.28 
286.88 
276.85 

254.53 

228.48 
213.74 

1e0.26 

140.92 

266-  10 

242.03 

197.71 

1 6 1 - 3 4  

119.14 
96.26 

49.76 
72.83 

28.48 
11.18 

1.06 
0.0 

a 
1.47 
1.01 
0. eu 
0.67 
0.57 
0.51 
01 45 
0.41 
0.37 
0- 34 
0.31 
0.29 
0.27 
0.25 
0.23 
0.21 
0.20 
01 1 9  
0.18 
0. l o  
0.15 
0.14 
01 13 
0.13 
0.12 
0.11 
0.10 
0.10 
0.09 
0.00 
0.08 
0.C7 
0.06 
0. O b  
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0.05 
0 - 0 4  
0.04 
0.03 
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0.01 
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4 . 4 0  
-0-35 
4 0 3 1  
-0.25 

-0.15 
4 - 2 7  

-0.10 
-0 -05 
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0.10 
0.M 
0.30 
0.40 
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0.60 
0.69 
0.80 
0.90 
1.00 

1.50 
2.00 
2.42 
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5.00 
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7.99 

10.00 

2-03 
2.30 
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2.97 
3.57 

4.00 
4.67 
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6.10 
6.98 
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14.48 
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21.16 

24 . 82 
28.41 
32.44 
36 -44 
40.44 

61.22 
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101.52 
126.67 
171.28 

216.14 
261 -04 
305.68 
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03 
115.29 
37 072 

I2095 
23 . 88 

9-72 
6.91 
5.43 
4 *33 
3 -54 

I .88 
1.48 
1.20 
7.01 

2 4 0  

c.87 
0.76 
0.67 
0.60 
0.55 

0-37 
0.28 
0.23 
0.19 
0-14 

0011 
0 009 
0-08 
0.07 
0.06 

3.77 
3.84 
3-97 
4 -07 
4-32 

4.51 
4-85 

5.62 
6.13 

7 -39 
8.94 

1 0 ~ 6 8  
12.66 

5-19 

14.71 

16.89 
19.01 
21 -37 
23.69 

37 . 87 

26.01 

50-05 
60 . 46 
74.42 
99-05 

123.73 
148.40 
172-88 
197-45 
?47. 18 

P 
7 

0. 
0.01 
0.03 
0 -04 
0.09 

0.12 
0.16 
0.22 
0.26 
0.32 

0.45 
0.60 
0.76 
0 -93 
1.17 

I .30 
1-48 
1.67 
1.87 
2-06 

3.03 
4.03 
4.87 
6.01 
8.01 

10.01 
12.01 
14.00 
15-99 
20 . 02 - 

T 

I 
Table 11. Parameters and characteristic integrals of the 

equilibrium solution. 

0.16 
0.17 
0- 19 
0.20 
0.23 

0.26 
0.30, 
0.35 
0.41 
0.48 

I -03 
I -48 

2.83 

3.75 
4.76 
6.02 
7.42 

0.70 

259 

8-95 

79-05 
33.33 
48-67 
73-78 

130.80 

204.16 
293.70 

520.03 
398.64 
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